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PRIZE PROBLEMS FOR STUDENTS. 


I. Tue sum of the radii of the inscribed circle and of the circle 
touching the hypothenuse and extension of the two legs of a right- 
triangle is equal to the sum of the said legs. 


Il. The side of a regular octagon, inscribed in a circle whose 
radius is unity, is ¥ (2 — y 2), and its area is 22. Required the 
proof. 

III. The perpendicular to the normal of a parabola at its inter- 
section with the principal axis, meets the curve in two points 
through which tangents are drawn; find the locus of their common 
point. — Communicated by Artaur W. Wricut, New Haven, Ct. 


IV. Required the radii of three equal circles tangent to each 
other, and cutting off equal areas from a given circle, so that the 
sum of these areas may be a maximum.— Communicated by G. B. 
VoszE. 

V. Two great circles are drawn at random on a sphere. What is 
the probability that their mutual inclination, taken less than 90°, 
will be contained between any given limits, as n° and m’. 


Solutions of these problems must be received by August 1, 1860. 
VOL. II. 38 
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REPORT OF THE JUDGES UPON THE SOLUTIONS OF THE 
PRIZE PROBLEMS IN No. VI., Vol. II. 


Tue first Prize is awarded to Grorce A. Ossorng, Jr., Lawrence 
Scientific School, Cambridge, Mass. 

The second Prize is awarded to Davi Trowsrupgz, Perry City, 
Schuyler Co., N. Y. 

The third Prize is awarded to Miss Amanpa M. Bennett, Saline, 
Washtenaw Co., Mich. 


Prize SoLution or Prosiem I. 
By Joun J. Carrer, Nunda Lit. Institute, N. Y. 
Find x from the equation, °¥ (a +- x) + °V (a— x) = 4, by quadratics. 
Raising the given equation to the fifth power and reducing, it 
becomes 2a + 50 (@ — 2}! — 5b (?# — =P; 
2a— a 


or (ao — 2} — PB (# — vt = — |. 


This quadratic gives 


r= |@—-Gt ye) | 


Prize SotutTion oF Prostem III. 
By GrorcE A. OssornE, Jr, Lawrence Scientific School, Cambridge, Mass. 


Inscribe the maximum rectangle between the conchoid and its directrix. 

Let AB be the direc- 
trix, and @ the pole of 
the conchoid. Denote 
by a and 3, respectively, 
the distances 0D and 
OC. Then the equa 
tion of the curve re- 
ferred to AB and CD 
as axis of X and Y, re- 
spectively, will be 
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(1) ey? = (a@ — y') (6 + yf. 
Since the curve is symmetrical with respect to the axis of Y, the 
inscribed rectangle will evidently be a maximum when zy or 27y’ is 
a maximum. 

Differentiating (1) gives 


(2) D,(#y*) = 2(6 +9) (@ — by — 27’) 
(3) D} (a2y*) = 2(@ —# — 6 by — 6s’). 


Putting D, (2? y*) = 0 gives 
(4) y+s=0, or @ — by —2y = 0. 


It is evident that the value y = — 4 cannot correspond to a max- 


imum, since the rectangle then vanishes. 
The roots of (4) are found to be 


—i+VQ4+5 +; and 7, = — t=O +7. 


Substituting in (3) the value of 7? from (4) gives 

D} (ey) = — 2(20@ +P + 3 by). 
Whatever the relative values of a and 4, y% is essentially positive, 
and renders D,?(2?¥*) < 0. 


Hence there will always be a maximum rectangle between the 
directrix and the superior branch of the conchoid. Bang negative 


root yz will render D,? (27 y*) < 0, when ; 4 V/ (3) (Ky + -7< <? 2a° «: ad 


which condition is found by reduction to be identical with b < a. 

Moreover, when 6 < a the numerical value of y, is less than a 
and greater than 3. It therefore lies between €' 0 and H 0. 

Hence we conclude that when 4 < a, that is to say, when the in- 
ferior branch of the conchoid forms a loop CH around the axis of 
Y, a maximum rectangle may be inscribed between the directrix 
and the curve, whose lower base is inscribed in this loop; but when 
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b > a, or when this loop does not exist, there is no maximum rec- 
tangle for the inferior branch. 
To construct these rectangles, draw OR and DR making with 


OD angles of 45°. Take RS = ; and describe the circle MRK. 


Making 0 P and ON equal respectively to O K and O M determines 
the position of the required rectangles. It will be readily seen that 
this is merely a geometrical construction of y, and y». 


Prize SOLUTION oF Prosiem IV. 


By GrorcE A. Osborne, JR., Lawrence Scientific School, Cambridge, Mass. 

Given a cask containing a gallons of wine. Through a cock at the bottom of the 
cask wine flows out at the rate of 5 gallons per minute, and through a hole at the top 
water flows in at the same rate. Supposing the water, as fast as it flows in, to mingle 
perfectly with the wine, how long before the quantities of wine and water in the cask 


will be equal? and how much wine will be left in the cask at the end of ¢ minutes ? 


Let x denote the number of gallons of wine in the cask at the 
end of ¢ minutes. Then a being the number of gallons of the mix- 
ture, which escapes at the rate of d gallons per minute, the wine 


escapes at the rate of <b gallons per minute. 
The quantity of wine which escapes during the time dé is 


x . . . 
- bd¢t = — dz since z varies inversely as ¢. 
a 


‘ ‘ b 
From this equation we have by integration - ¢ = — log x + con- 


. b a be a m 
stant. Since z — a when f= 0, - t = log =» ores =-, where e is 


the base of Narrer’s Logarithms. This gives the quantity of wine 
in the cask at any time ¢. 


If the quantities of wine and water are equal z= 5 and ¢ = ; log 2. 


Prize SoLtuTion oF Prosiem V. 

By Isaac H. Turrett, Mount Carmel, Ind. 
Two circles being given in a plane, find geometrically the locus of the points from 
which chords of similar ares in the two circles will be seen under the same angle, the 
chords being perpendicular to the lines of vision drawn through the centres of the 


given circles. 
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Let O and 0 be the centres of the given circles. Draw the com- 
mon tangents CC’ P, SP’ S’ cutting OO in P and P’, These 
points, which are called the 
external and internal centres 
of similitude of the two given 
circles, are evidently the only 
points on O 0, from which 
chords of similar ares in the 
two circles will appear under 
the-same. angle. Let WV he 
any other point from which the senile chords R FR’, rr’, which are 
perpendicular to WHO, Nh O, respectively, will be seen under the 
equal angles RVR r Nr’. 

Since the triangles 0 R N, and Or N are similar 


ON: ON::OR: 07r::0P:O0P'::0P:0P. 
Therefore the line VP’ bisects the angle ON 0’, and VP bisects 


the supplement of 0’ V0. Therefore P’ V P is a right angle. 
Consequently the required locus is a circle described on P P’ as a 
diameter. . 


Cor.—If the two given ‘circles 0 and 0’ be considered ‘spheres, 
the locus of the points will be a sphere described on PP” as a 
diameter. 


+ — - 





ON SPHERICAL, ANALYSIS. 


By GrorcE Eastwoop, Saxonville, Mass. 


[Continued from Page 272.]} 
Proposition V. 
To find the equation of a great circle of the sphere which passes through 
one or more given points. 


1. In Prop. III. we have found the equation of a great circle to be 


y=tr+A. 
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That this circle may pass through a given point 2’ y’, we signify that 
it does so by saying that when the variable arc z becomes 2’, then 
y will become y/. Consequently the equation of the great circle 
becomes 


y¥ =tae +8. 

Between these two equations, if we eliminate 8, we have 
(23) yorety—r, or y—y =t(4#— 2), 
for the equation of a great circle which passes through a given point 
whose co-ordinates are 2’ 7/. 

When the given point 2’y’ is situated at 90° from the origin, then 
tana’ = tany/ = ©; and equation (23) is not applicable in this 
case. We can, however, overcome this apparent difficulty by intro- 

ducing into our investigation the latitude 
of the point. For this purpose, let us con- 
sider the triangle Y OX, which is formed 
by the two centres of projection and the 
origin. By supposition, the great circle A B 
cuts the side YX in the point P, the lati- 
tude of which we will designate by 4. Hence, by the theorem of 
spherical transversals, we have the ratios 
sin (90° — 8): sin(o — 4) = sn P: sn B, 
sina: sinf = sin 2B: sin A, 
sind: sin(a — 90°) = sin A: sin P, 
which, by composition and expansion, become 
cos 8 sina sind = — cosa sin sin(@ — 2d). 
This equation may be expressed in the form 


sind sina cosf _ 1: 
Ss ee > 
sin(a—A) cosa sin’ 
or in this, . 
B__ sind 


“ ~~ sin ( — a) 
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Hence the equation of a great circle which passes through a given 
point, situated at 90° from the origin, will be truly defined by the 
equation 


(24) y=t2 +8, 


in which t represents a , or simply tan A, if the axes be taken 
rectangular. 


Cor.—If any number of great circles have a common point of 
intersection, situated at 90° from the origin, the coefficient of z will 
be the same in all their equations. 


2. If the proposed circle passes through the given points 2’ y’ and 


a” y", we must have by virtue of 1, 
(a) y=—tz-+8, (d) y¥ =t27+8, (c) y’ =t2" +8. 
Now (a) — (8) gives 
(4) y—y =t(rz—2), 
and (b) — (ec) gives 
, _—— U ” , bad y' mainte y" 
Y—YJ = 1(z — 2”), * t= 7-2" 


Substituting this value of t in (d), we have finally 


(25) y—y = 


This equation will assume different forms according to the par- 


ticular position of the given points. For instance, if the point 2” y” 
be on the axis of z, we have v” = 0; 


yx = sh (2-2). 


If it be on the axis of y, then 2” = 0; 
-y—v¥="S ee 
If it be at the origin, then both 2” and om = 0; 
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yshe. 


And if it be at 90° from the origin, then by virtue of (24) 


y—y = 1t(t¢#— 2’). 
If a great circle pass through three given points, the following 


relation must exist between the co-ordinates of those points ; 


(26) (7/ a” — vy’) — (y/ a” a ay’) —_ (y/” a” ie a” y’’) — 0. 


[To be continued.} 





THE ECONOMY AND SYMMETRY OF THE HONEY- 
BEES’ CELLS. 


By CuHauncey Wricnt, Nautical Almanac Office, Cambridge, Mass. 


Tue economical characteristics of the honey-cell have claimed so 
great attention from mathematicians, that other and even more 
prominent properties of its structure, though not unnoticed, have 
received too little attention. Psychologists, accordingly, following 
the testimony of mathematicians, have treated of the instinct of 
bees as if economy were not simply the most important, but even 
the only useful and noticeable feature of the bees’ architecture. In 
reconsidering therefore the geometrical properties of the hive-cell 
we have chiefly in view the inferences which may be drawn from 
them in regard to the nature and powers of the bee’s instinct. 

In this review we shall first recount the reasoning a priori by 
which the structure of the hive-cell is deduced from considerations 
of rational economy, and then, in the second place, deduce the same 
results from considerations of symmetry applied to those modifica- 
tions of the simple nest which are required by simple economy. 

It is necessary here to premise a division of economy into two 
species, which we may denominate rational and sensible, or the 
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economy of forethought and simple economy ; that which forestalls 
waste, and that which remedies waste or simply saves. The im- 
portance of this distinction will be apparent when, in the third place, 
we consider the two previous lines of argument in their relation to 
the faculties of instinct. 

1. It is a proposition of elementary geometry that of all polygons 
or rectilinear plane figures with a given number of sides and a given 
perimeter, that figure contains the greatest area which is regular, 
or both equilateral and equiangular; and hence, that regular prisms 
have the greatest solid contents for a given convex surface. Again 
it is proved that a given perimeter encloses the greatest area in that 
regular polygon which has the greatest number of sides, so that 
among plane figures the circle has the greatest area for a given 
perimeter; and hence, also, the cylinder has the greatest solid con- 
tents among prismatic bodies for a given convex surface. 

If now we seek among all regular polygons, or prisms, for those 
which are capable of dividing space into equal and similar parts 
without interstices, we readily perceive that the angles of such a 
figure must be aliquot parts of the circle or of four right angles. 
All the angles of any such figure are equal to twice as many right 
angles as the figure has sides minus four right angles, or if 2 be 
the number of sides, the sum of all the angles is (2x — 4) right 


angles; hence each angle of a regular figure must bear the ratio 
2n—A4 
n P 


to a right angle, and as 4 right angles must be divisible by 


4n . 2n ° 
each of these angles, we have =-— , or -—-, = an integer. But 


this number is equal to 2 +- 3 hence (x — 2) must be a divisor 
of 4, that is, either 1, 2, or 4, and z must therefore be either 3, 4, or 
6; so that triangular, quadrilateral, and hexagonal regular polygons 
and prisms are the only ones which can collectively fill space with- 


out interstices. Now of these the one which has the greatest num- 
VOL. II. 39 
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ber of sides is the most economical. Hence the partition into 
regular hexagonal prisms is the most economical division of space 
in respect to two dimensions; but the third dimension is left unde- 
termined. 

If we suppose a hollow space, bounded by the surface of a regular 
hexagonal prism, to be open at one end, but closed at the other, so 
as to form a cell, it is clear that the base of this cell is most econo- 
mized, if, like the sides, it be made also a boundary to another cell, 
or partially to several other cells. Hence, if two series of hexagonal 
cells, opening in opposite directions, have common bases, they present 
another feature of economy which is also exhibited in the form of 
the honeycomb. To this extent the bees’ economy was known to 
the ancients. 

There are two forms in which the bases of the cells might be 
fashioned so as to fit them as bases also of the opposite cells in the 
comb. They might be either plane 
hexagons perpendicular to the sides 
of the cells, or be composed of three 
rhombs inclined to the sides of the 
cells, and forming a solid angle in the 
central line or axis of the cell. If in 
the first form all the bases be in the 
same plane the relative positions of 
cells on opposite sides of the comb 





are immaterial to economy. But as 
one each angle of the regular hexagonal 
prism is 4 of a right angle, or } of the circle, three regular hex- 
agonal prisms have one common corner or line of contact, and this 
common corner must, in the second form of the bases, be in the 
same line with the axis of an opposite cell, the base of which is 


therefore composed of three thirds of the three contiguous bases. 























= 


The dimensions of these rhombic segments of the bases vary with 
their inclinations to the sides and axes of the cells. One diagonal 
however is the same in position and length for all inclinations of 
the rhombs, while the other diagonal will vary with its inclination 
to the axis of the cell from the length of the shorter diagonal in the 
rhombs of a plane hexagonal base to any length whatever. This 
increase in the length of the variable diagonal increases the area of 
the rhombs, while the sides of the cells are more and more cut off 
and their area diminished as the rhombs become larger and more 
obliquely inclined. ; 

In passing from the form of the plane hexagonal base, the sides 
at first diminish more rapidly than the rhombs increase, while the 
solid contents of the cell is the same for all the inclinations and cor- 
responding forms of the rhombic segments of its base. It becomes 
a problem, therefore, of economy to determine that inclination and 
form of the rhombs which will give the least value to the sum of the 
areas in the sides and bases, or to the whole surface of the cell. 

Instead of giving here the ordinary algebraic solution of this 
problem, which gives the same form to the rhombs as that deter- 
mined by Maratpr's measurements of the honey-cell, we shall pro- 
ceed upon the second line of argument to deduce the same form 
from considerations of symmetry, and we will then prove by geo- 
metrical reasoning that this form is a minimum. We may remark 
here, however, that Maratp1 determined by measurement, not merely 
the angles of the rhombs, but also a symmetry in the structure, 
which, as some geometricians have supposed, might have enabled 
him by calculation to give these angles, 109° 28’ and 70° 32’, with so 
great precision. The symmetry which Maratpt observed was the 
equality of the angles that the planes of the rhombs make with 
each other to the angle 120° which the sides of the cell make with 
each other, and also with the rhombs. This symmetry depends 
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directly on the regularity of all the solid angles in the cell, which 
Maratpt also pointed out. Indeed, if we regard only the angles 
which the planes make with each other, there is but one angle, 120°, 
in the whole structure. This one symmetry affords a perfect rule 
to the insect architect. 

If we wish further to determine the angles which the dines make 
with each other, it is not necessary to make any direct measure- 
ments, but only to calculate the angles at the vertex of a triangular 
pyramid of which the sides make with each other the angle 120°. 
These angles are incommensurate in the circle, but in the triangle 
they are as simple as the angles 120° and 60°; for while the cosines 
of the latter are -— 4 the former angles and their supplements (ap- 
proximately 109° and 71°) have cosines exactly += 4; and as the 
trigonometrical measurement of angles is the most easy and natural, 
these angles are as easily constructed as the others. 

2. But why, it may be asked, should the bees’ instinct prefer a 
structure, in which all the angles of the planes are 120°, to any 
other, unless this structure be also the most economical? That it is 
the most symmetrical structure of cells that can be imagined will be 
granted, in spite of its seeming complexity; but of what advantage 
is elegant symmetry to the bee, unless it also economizes labor and 
material? And what therefore could have fashioned the instinct of 
the bee except a supersensible principle of rational foresight, supe- 
rior to mere sensible perception? In considering these questions 
let us look at the hive-cell from another point of view. Having 
built it up @ priori from general principles, let us see in what rela- 
tions it stands a posteriori to other cells. 

We learn from naturalists that the cell is a species of nest or 
open cocoon, and that cocoons and nests are of two kinds, excava- 
tions and structures; but both kinds have these general character- 
istics of form. If closed, they are either spheres or cylindrical 
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figures with hemisphencal ends; and if open, they are either hem- 
ispheres or cylindrical figures open at one end and terminated at 
the other by hemispheres. The latter form of cocoon, nest, or cell 
is then the natural type of the honey-cell. When finished the cells 
resemble a series of excavations in wax, though in fact they are 
structures. That a single excavation in sand or wood —a cylindri- 
cal pit terminated spherically —has even less surface for the same 
contents than the honey-cell, has never excited remark on account 
perhaps of other and more obvious utilities in such a simple sym- 
metrical form. 

If a series of such excavations be made as closely together as 
possible, there would result an’ arrangement like that of a pile of 
equal cylinders, each pit surrounded by six. other pits, and though 
the surface of each cell would be enlarged in a greater proportion 
than the enclosed space by changing the figures of the excavations, 
still space would be gained, and, in case of a structure, material 
would be saved, by converting 
the cylindrical cells into regu- 
lar hexagonal prisms, (as may 
be seen in Fig. 2); and this 
too by simple saving, or by 
the economy of afterthought. 

Again, if equal spherical exca- 
vations be made as closely to- 
gether as possible there would 
result an arrangement like that 
of a pile of equal spheres (Fig. 


2), each cavity surrounded by 


six others in the same layer, 
and by three others in each of the contiguous layers, — in all, by 
twelve spherical cavities. The walls that would be left by removing 
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the superfluous material of the interspaces or corners would bound 


regular hexagonal prisms, terminated at both ends by pyramidal 


bases (Figs. 4, 5), each of which would be composed of three rhombs 

of the same form as the rhombs of the honey-cell. If, therefore, we 

were to put into the cells of the honey-comb little spheres which 

would just fit them, and should press them to the bottoms of the 

cells on both sides of the comb, the spheres would touch the middle 

points of the rhombs and the middle lines of the sides, so that the 

sides and bases of the cells would be tangent planes to those points 

at which the spheres would touch each other but for the thickness 
of the intervening walls. 

To prove this, let us consider two spheres in contact in two con- 

tiguous layers of a pile. It will be seen from Fig. 2 that the projec- 

tions of the centres of two 

such spheres upon the 

ground plane are distant 

from each other by the 

length of a side of the cir- 

cumscribed hexagon. If, 

therefore, in Fig. 3 we 

draw two vertical parallel 

lines, at the distance 0M 

apart, equal to the side of 

the hexagon circumscribed 

— around the circle 0, then 

O and 0 upon these two lines, at a distance apart of twice the 

radius of the circle, will represent the positions of the centres of 

the two spheres in contiguous layers. A, bisecting 0 0’, is the point 

of contact of the two spheres, and B C, perpendicular to 0 0, is 

tangent to the two spheres, and is the shorter axis of the tangent 

rhomb. But 0 0’, equal to P R or to twice the radius of the spheres, 
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is equal to the longer axis of the rhomb. Hence by drawing C0’ 
and B O we have a figure, C O B O’, of the same form as the tangent 
rhomb. If this figure were turned around its shorter axis, B C, to a 
position perpendicular to the plane of the diagram, it would coincide 
with the tangent rhomb. Its dimensions can be readily computed. 
If r denote the radius of the spheres or circles, then the side of 
the circumscribed hexagon is obviously ry 4, and as OO = 2r 
we find Oo M=ry§. As the ratio of the axes of the rhomb is 
equal to the ratio of O Mto OM orto ¥§ + ¥4=—y 2, we find 


BC=s a =ry2. Hence the sides of the rhomb are equal to 


ry¥3. BM is therefore equal to r(¥}—y3)—~ry}, and the 
ratio of BM to BO is ¥i + yy} =}, which is therefore the 
cosine of the angles of the rhomb. Hence these angles are the 
same as the angles in the rhombs of the honey-cell. This may be 
shown still simpler, without computation, by observing after Maratp1, 
that the solid angles of the honey-cell are all regular, that is, com- 
posed of equal plane angles. The triangular ones, which are formed 
by the intersections of the three rhombs and by the intersection of 
each rhomb with two sides of the cell, have the common plane 
angle 109° 28’ nearly, while the quadrilateral solid angles formed by 
the intersection of two rhombs and two sides have the common 
plane angle 70° 32’ nearly (see Figs. 4, 5). Now as all the spheres 
which can be drawn tangent to all the sides of a regular solid angle 
must touch them in lines that bisect them, it follows that a sphere 
touching all the sides and rhombs of the honey-cell must touch the 
rhombs in the intersections of these bisecting lines or in their mid- 
dle points, and the sides in their middle lines. In fine, the form of 
the honey-cell is that which would be obtained by placing equal 
spheres in two layers, as in Fig. 2, and drawing tangent planes 
through their points of contact, and terminating these planes in 
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their mutual intersections. These planes may be regarded, without 
reference to the contact of spheres, as planes midway between equi- 
distant points in two parallel series. They would therefore pass 
through the intersections of such equal spheres as have radii greater 


than half the distance between their centres. Fig. 3 also represents 
portions of two sides of the cell turned up into the plane of the 
rhomb around the corners OB and 0’ B. It also shows that the 
angle made by the plane of the rhomb, or by its shorter axis with 
the axis of the cell, is half the larger angle of the rhomb. 

We have thus determined the form of the honey-cell from prin- 
ciples of symmetry alone. That this form is the most economical 


is easily shown by supposing it to vary, and by determining the 
changes of area in the sides and bases. 

Let us suppose, as before, the rhomb COB O’ to be turned upon 
the axis B C by a right angle, so that the corners 0 and 0’ may fall 
in direction upon A, and let the sides that are attached be turned 
downward into their positions as vertical planes tangent to the 
sphere around 0. In turning the rhomb now around its longer axis, 
the corners ( and B must remain in the vertical lines CO and BO, 
so that the shorter axis is diminished if B is raised, and increased if 
B is depressed. Let 7 be the amount by which B is raised or de- 
pressed ; then the projection of 7 upon the shorter axis B C of the 
rhomb is half of the amount by which this axis is made shorter or 
longer. The projection of ¢ upon B C reduces it in the proportion 
of the semi-minor axis to the side of the rhomb or by the ratio 
rV¥i-zry%, hence the projection is ix ¥4. Half of this multi- 
plied by the semi-major axis r is the change of area on each edge of 
the rhomb; hence the whole rhomb is decreased or increased by 
2r.i.V¥4. But 42 multiplied by the breadth of the side of the cell 
is the corresponding change in each of the sides attached to the 
rhomb, and hence both sides together are increased or decreased by 
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ixrV¥4—2r.i.¥}. The sides gain as much therefore as the 
rhombs lose, or lose as much as the rhombs gain, by an infinitesimal 
change in their positions and form; and the whole surface is there- 
fore either a maximum or a minimum, while the contents of the cell is 
unchanged by such a change of form. 

Again, the infinitesimal triangles on either side of the line B C, 
resting on the bases 7, are the amounts which the sides of the cell 
are made to gain or lose, while the smaller infinitesimal triangles 
on either side of BC, and resting on the projections of 7, are the 
amounts which the edges of the rhombs lose or gain. These smaller 
triangles are in vanishing equal to half the larger ones, since the in- 
finitely smaller right triangles resting upon / are similar to 0’ A B, 
the hypothenuse of which, 0’ B, homologous to ¢, is bisected by the 
line D £, and to this line the sides of the smaller infinitesimal 
triangles become parallel. If ¢ be finite, the decrease of the minor 
axis of the rhomb will be less than twice the projection of 7 upon 
B CG, and its increase will be more than twice this quantity ; hence 
the rhomb will lose less than the sides gain, or gain more than the 
sides lose, by a finite change in the positions and form of the rhombs. 
The whole surface is therefore a minmum. Thus the symmetrical 
form of the honey-cell is seen to be also a minimum form. 

This economy however has no reference to the depth of the cell, 
so that geometricians have conceived of a further limitation of the 
cell's form, which is not observed by the bee. Having determined 
the most economical arrangement of the sides and bases, we may 
further limit the length and breadth of the sides to that ratio, 
which gives what has been called and determined as the minimum 
minimorum form of the cell. If A denote the whole area of the cell’s 
surface, C the whole solid contents, and 7 the length of the longer 
edges of the cell, or of those which terminate in the longer axes of 
the rhombs, (Figs. 4, 5,) and if, as before, we denote by r the radius of 
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the inscribed sphere or cylinder, then from the dimensions already 
computed we find 


A= 2ry72+ 4Iry3, C= 2riy73. 
If one of these be supposed constant and the other a minimum, their 


derivatives must both be equal to zero. Hence by differentiation 
and reduction we have the equations 
rYV2+7rD,l¥y3+ly3=0, 2/+rD,i= 0, 
from which, eliminating D,/, we obtain 7—=ry%. Hence, / in the 
minimum minimorum cell is half the distance O’ M between the two 
planes on which the centres of the contiguous inscribed spheres are 
arranged. This form of the honey-cell is therefore what the bee 
would fashion if, instead of its deep nests, it should construct hemi- 
spherical nests like the bird, and then convert them into polyhedral 
figures with sides tangent to the contiguous hemispheres on both 
sides of the comb. Two such cells would exactly enclose a sphere 
with tangent planes, as in Figs. 4,5. Of all figures, therefore, which 
can divide space into equal and similar parts, without interstices, the 
polyhedrons of Figs. 4, 5 have the least surface for a given contents. 
These figures are such as would be 
formed by drawing tangent planes through 
the twelve points of contact on a sphere 
surrounded by twelve equal spheres. The 
two forms arise from the two ways in 
which the three spheres, in each of the 
outside layers, may be arranged. It may 
be seen in Fig. 2 that the three superposed 
spheres occupy alternate interstices ; so 
that there are two ways in which they 
may be placed in contact with the central one. If the three spheres, 
which are in contact with the central one from below, be opposite 


Fig. 4. 
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the three superposed ones, we have the polyhedron of Fig. 5; if 
alternately disposed, we have that of Fig. 4, the sides of which are 
all equal and similar rhombs, like the rhombs of the honey-cell. 
Fig. 5 may be produced by turning the lower half of Fig. 4 one 
sixth of its circumference around its vertical axis. 

Geometricians have also criticised the 
economy of the bee by computing the 
difference between the surface of cells 
with plane bases and the surface of honey- 
cells having the same contents; and by 
showing that this difference is only about 
sy part of the whole surface of a com- 
pleted cell; so that the bee is enabled by 
the pyramidal form of the base to make 
51 completed cells, instead of 50, out of 
the same material,—a gain hardly worth 
so great precision in construction. 


Fig. 5. 


3. But this criticism would be just only on the suppositions, 
lst, that a plane base could be more readily made than a pyramidal 
one, and 2dly, that the instinct of the bee is determined to a struc- 
ture the most economical a priori and on the whole. These suppo- 
sitions are not however necessary, nor are they supported by facts. 

It is true, indeed, as we have seen, that the form of the honey- 
cell requires less material than any similar one for the construction 
of a double series of cells like the honeycomb. But we have also 
seen that simple nests are bounded by still less surface than the 
honey-cell, in proportion to their contents, and that the deviation of 
the single honey-cell from the cylindrical nest with a hemispherical 


base does in fact increase the surface in a greater proportion than it 
increases the enclosed space,—with a gain however of material 
when the cells are contiguous. As their bases are boundaries be- 
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tween cells on opposite sides of the comb, the pyramidal form would 
be possible as a modification of the hemisphere only in case of a 
close symmetrical arrangement of the opposite cells. But for such 
an arrangement, — of two series of spherical bases in closest contact, 
—a modification to the pyramidal form of the honey-cell is not 
merely the most economical, but also the simplest, and one perfectly 
analogous to the hexagonal modification of the sides. 

That the cell ought to be regarded as such a modification of the 
simple nest by simple economy will be evident when we consider the 
mode of its construction. If the cells were excavated nests made 
in a costly material, they would by the closest arrangement and the 
removal of the interstitial material, receive through the agency of 
simple economy the hexagonal form of the honey-cell; but the bases 
of opposite cells could only by accident meet as they do in the 
honeycomb, and hence they would either retain, without reference 
to each other, the hemispherical form, or be flattened to plane hex- 
agonal bases. But the hive-bee does in fact build up its nests from 
their bases which are rudely fashioned at first on the edges of the 
comb in the form of little cavities at equal distances. On one side 
of the comb these cavities form by their depressions the interstitial 
elevations between the cavities of the other side; and hence the 
symmetrical arrangement of the two series of cells, and hence also 
the pyramidal form of the bases and their economy. 

It has been observed that mechanical pressure alone is capable of 
changing the elongated cells of cellular tissues — as in the fruits and 
piths of some plants—into the polyhedral form of the honey-cell. 
This however is not the way in which the honey-cell is formed, for 
the bees fashion the corners of their cells as they build, by continual 
trimming and saving. 

Again, the bee builds with great precision ; indeed, the exactness 
of the structure is more surprising than its economy. But precision 
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is not required by economy at those limits of form which determine 
maxima and minima values; for these values are determined by the 
condition that they shall vary least by slight changes in the forms 
on which they depend. Symmetry, on the contrary, requires abso- 
lute precision and affords the means of effecting it. Thus, when the 
bee’s point of view is just over each one of the middle points of the 
rhombs it ought to be at the same distance from all the nine planes 
of the cell, and just opposite similar points of view in the nine con- 
tiguous cells. This symmetry affords a working guide to the bee as 
perfect as the regularity of the solid angles or the equality of all the 
angles made by the planes with each other. 

It is true that these symmetries also determine the economy by 
which the honey-cell is characterized ; so also does the still simpler 
symmetry of the cylindrical and hemispherical nest determine a still 
greater economy of work and surface in the architecture of innumer- 
able other nest-building animals. But have psychologists, therefore, 
thought it necessary to regard the instincts of these animals as 
determined by supersensible properties of form, instead of that 
facility of construction and simple saving which are apparent to the 
senses ? 

Many deviations not only from the strictest economy, but also 
from symmetry, are observed in the honeycomb, and are required 
by the various sizes and uses of the cells. 

In the normal form of the comb the triangular corners are formed 
by the meeting of four cells or by the intersection of six planes, 
three belonging to the bases and three to the sides; while the quad- 
rilateral corners are formed by the meeting of six cells, or the inter- 
section of twelve planes, six belonging to the bases and six to the 
sides. Now the bees very frequently in finishing their cells do not 


make these twelve planes meet in a common point, but connect 
them by a thirteenth’ very small plane, forming a tenth partition or 
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a fourth basal segment to two such cells on opposite sides of the 
comb as would otherwise only touch each other by a common corner. 
This supplementary basal segment is however perpendicular to the 
line which joins the symmetrical centres of the two cells, and is 
therefore easily included in the symmetries of the cell by the follow- 
ing considerations. 

We have seen that if the lines joining equidistant points in two 
parallel planes be bisected by planes perpendicular to them, these 
planes terminating in their mutual intersections will form the cor- 
ners of the honey-comb. Such lines of juncture form the edges of 
the regular tetrahedrons and octohedrons into which the space 
between the two planes may be divided; each tetrahedron sur- 
rounded by three octohedrons, and each octohedron by six tetra- 
hedrons. The six planes that bisect the six edges of each tetra- 
hedron meet in the centre of the figure and form four contiguous 
triangular corners. The twelve planes that bisect the twelve edges 
of each octohedron form in the centre of the figure six contiguous 
quadrilateral corners; and if in addition to these planes three be 
drawn midway between each pair of diagonal corners in the octo- 
hedron, they will also pass through the centre of the figure, but 
would be of no service as partition walls between these corners in a 
perfectly regular figure. If, however, the points in the parallel 
planes be not exactly equidistant, and the included figure vary from 
a regular octohedron, the twelve planes cannot at the same time 
bisect the edges of the figure and meet in the centre; and the bee 
accordingly, forced by this necessity, instead of making these planes 
meet in a common point, chooses to join them by another small one 
midway between two diagonal corners of the figure. Thus the bees 
separate the central points of their nests by planes midway between 
the centres of contiguous nests on the same side and on opposite 
sides of the comb, and also in irregular structures, by smaller planes 
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between the centres of such nests on opposite sides of the comb, as 
would otherwise only touch each other in a common quadrilateral 
corner. This way of remedying irregularities of structure shows 
conclusively that the bee’s instinct is chiefly governed by symmetries 
of partition instead of those that belong to any particular figure. 

Though it is to be presumed from what we have seen, that special 
facilities and economies of labor and material govern all abnormal 
forms, yet habit, undoubtedly, must greatly modify them from 
special adaptations to general conformities of structure. 

The symmetries which we have studied are obviously not the 
same to the bee and to the geometrician, for what the latter com- 
prehends abstractly as symmetry of form, is only perceptible to 
the former concretely, as facility of construction. Like the two 
kinds of economy, the one is rational, the other sensible. 

An unreflective and unforeseeing economy, which, without refer- 
ence to an end, simply saves, through sensuous preference, what the 
conditions of life render useful and costly to the race, characterizes 
the whole animal kingdom. For even those animals which do not 
store food or build structures for themselves or their offspring, still 
select through sensuous preference the food that is nutritious and 
appropriate to them, without foreseeing its use. An application of 
such a simple saving to the typical structure of the nest results in 
the honey-cell. The bee’s instinct ought not therefore to be re- 
garded as an exception to animal instincts in general; much less 
ought animal instincts in general to be so interpreted as to include 
a misconception of the bee’s instinct. 

A natural choice from simple feelings and from heritable sensuous 
associations — empirical in form, whatever their origin — is all that 
is required to account for the most perfect work of instinct. 
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A SECOND BOOK IN GEOMETRY. 


[Continued from Page 143.] 


CHAPTER VIII. 
THE MAXIMUM AREA. 


114. I will prove only one more proposition ; but I will select a difficult one, in order that 
it may require a number of preliminary proofs. I will select the proposition given in the 
“ First Lessons in Geometry,” chap. xxiii. § 14: —“ Of all isoperimetrical figures the circle is 
the very largest.” 

115. When we attempt to analyze this, we shall see that it implies that any regular polygon 
is less than a circle isoperimetrical with it, and that any other polygon is less than a regular 
one, isoperimetrical with it. 

116. Let us begin, however, by defining a few of the words we shall need to use. 

117. A polygon is a plane figure bounded by straight lines. 

118. The perimeter of a polygon is the sum of the length of its sides. 

119. Isoperimetrical polygons are those of equal perimeter. 

120. Among quantities of the same kind, the largest is called a maximum. 

121. A circle is a plane figure, bounded by one line that curves equally in every part. This 
line is called the circumference of the circle, and frequently the line itself is called the circle. 
Portions of the circumference are called arcs. 

122. Theorem. There is a point within the circle equally distant from every point of the 

Fig. 60. circumference. This point is called the centre of the circle. — Proof. Let 
A Dand BD be equal adjacent arcs in a circumference. Through the 
points A, B, and D draw lines at right angles to the curve at those points. 
Now, since the circle curves uniformly at every point, the point of intersec- 
tion with B C must be the same point in both lines, A C and D C, and the 
points A, B, and D are equally distant from C. But A and B may be 
taken anywhere in the circle, only provided they are equally distant from 
D; and hence every point in the circle is equally distant from C, the centre 





of the circle. 
123. A straight line joining the centre to the circumference is called a radius. The straight 


line formed of two opposite radii is called a diameter, 
124. All radii are of course equal to each other. 
125. A straight line joining the two ends of 

an arc is called a chord. 


126. A straight line which, however much i ih 
prolonged, touches the circle in one point only, 
is called a tangent. 
127. It is manifest that the tangent coin- NO .. 
cides in direction with the are at the point 
of contact. a 


128. A polygon formed wholly of chords in 
a circle is said to be inscribed in that circle. 














129, A polygon formed wholly by tangents to a circle is said to be circumscribed about the 
circle. 
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130. The circle is said to be inscribed in the circumscribed polygon, and to be circumscribed 
about the inscribed polygon. 

131. If a polygon, about which a circle can be circumscribed, or in which a circle can be in- 
scribed, has its sides equal, one to the other, the polygon is called a regular polygon, and the 
centre of these circles is called also the centre of the polygon. 

132. Let us now attempt to analyze the proposition that the circle is the maximum among 
isoperimetrical polygons. This is equivalent to saying that if an isoperimetrical circle and 
regular polygon are laid one over the other, the polygon will be the smaller. But we see that 
by laying them one on the other, a circle inscribed in the polygon would be smaller than the 
isoperimetrical circle. The question of course suggests itself, whether the area of a regular 
polygon is not proportional to the radius of the inscribed circle. Now it is plain that it is. 
For by dividing the polygon into triangles, by lines from its centre to its vertices, we find the 
area of the polygon will be the sum of the areas of the triangles, and these areas will be meas- 
ured by half the product of the perimeter multiplied by the radius of the inscribed circle. 
The area of the isoperimetrical circle will be measured by half the product of the perimeter 
multiplied by the radius. But as the perimeters of the polygon and the isoperimetrical circle 
are the same, and the radius of the inscribed circle is smaller than that of the isoperimetrical 
circle, it is evident that the area of the polygon is smaller than that of the isoperimetrical 
circle. 

It will now remain to show that the area of a regular polygon is greater than that of an iso- 
perimetrical irregular polygon. It is evident that this can be done, since a polygon of given 
sides is manifestly largest when most nearly circular, and a polygon of given perimeter in- 
scribed in a circle is manifestly largest when the sides are equal. We can surely have no diffi- 
culty in proving these two points, and then our proof will be complete. 

133. Let us return, then, to the synthetic mode, and establish these propositions : — First, 
that the maximum of polygons formed of given sides may be inscribed in a circle ; secondly, 
that the maximum of isoperimetrical polygons having a given number of sides has its sides 
equal ; and thirdly, that such a regular polygon is of smaller area than a circle isoperimetrical 
with it. 

134. Theorem. The area of a triangle is found by multiplying the base by half the altitude. 
This theorem has been already proved (Art. 111). 

135. We shall need the Pythagorean proposition, which implies all the propositions into 
which we have already analyzed it (Arts. 64-113.) 

136. Theorem. Of two unequal lines, from a point to a third straight line, the shorter is 
more nearly perpendicular to the third line. — Proof. Let 
C be the given point, and A D the third straight line. Let 
CA and CB be two lines, of which C B is the shorter. 

Draw C D perpendicular to AD. We wish to prove that 
BD is shorter than AD. But this is manifest from the 
Pythagorean proposition, since the square on AD is the A B 
difference of the squares on A C and C D, and the square 
on B D is the difference of the squares on B C (which is smaller than A C) and the same C D. 

137. Corollary. A perpendicular is the shortest line from a point to a given straight 
line. 

138. Theorem. The maximum of triangles having two sides given is formed when these two 
sides are at right angles. — Proof. Let A’ B, A B, and A” B be equal to each other. The area 
of A’ BC, ABC, or A” BC, being found by multiplying B C into the perpendicular height 
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of A; A’, oF A”, above BC, will be in proportion to that height: (Fig. 17.) Let then AB 
be perpendicular to B C, and the height of A above the base will equal B A. But the height 
of A” above the base must, by 137, be less than B A” which is equal to B A. 

Fig. 17. 139. An angle is said to be measured by an are of a 
circle such as would be intercepted by radii making that 
angle with each other. And, since the circumference 
curves equally in all parts, and the radii are at right 
angles to it, it is evident that this measure is just, and 
that the angle will bear the same ratio to four right 
angles that the arc bears to a whole circumference, 
whatever be the size of the circle. 











140. Theorem. If two sides in a triangle are equal, Fig. 16. 
the angles opposite those sides are equal. — Proof. Let 
AB and BC be equal sides in atriangle. Imagine B 
AC divided in the centre, at the point 6. The trian- c é 
gles AB} and C Bd will now be composed of equal A % c 


sides, and we have already proved (Arts. 91-95) that 
they must have equal angles,— that is, the angle at A is equal to that at C. 

141 Theorem. If one side of a triangle is prolonged, the external angle is equal to the sum 
of the opposite internal angles. This has been proved in Art. 57. 

142 Two chords starting from one point in a circumference intercept double the are that 
would be intercepted by radii making the same angle; or, the angle of 
the chords is measured by half the arc included between them. — Proof. 
If one chord, as AB, passes through the centre D of the circle, it is 
plain that by drawing D C the angle C DB will be equal to the sum 
of the angles CAD and DC A. Butsince D A and DC are equal, 
these angles are equal, and C D B is equal to twice C A D. 

If neither chord passes through the centre of the circle, we can 
draw a third chord, starting from A, passing through the centre of the 
circle, and apply this reasoning to the two angles formed with this third chord by the other 
two. The angle of the other two chords will simply be the sum or the difference of these two 
angles. 

143. Corollary. If the vertex of a right angle be placed in the circumference, the sides will 
intercept a semicircle. 

144. Corollary. If a circle be circumscribed about a triangle, and one side of the triangle 
passes through the centre of the circle, the opposite angle is a right angle. 

145 Theorem. The maximum of polygons, having all the sides given but one, may have 
a circle circumscribed about it, having the unknown side for a diam- 
eter — Proof. Let AB CDE be the maximum polygon, formed of 
given sides, A B, B C, &c., and the unknown side, AE. Join B E by 
a straight line. Now, since the polygon is a maximum, we cannot, 
leaving BE unaltered, enlarge the triangle ABE, because that 
would enlarge the polygon. The angle ABE is therefore a right 
angle, by Art. 138, and a circumference, having AE for its diameter, 
would pass through the point B. In like manner it can be shown 
that a circumference having the same diameter would pass through 
each of the other points. 
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146, Theorem. The maximum of polygons formed with given sides can be inscribed in a 
cirele. — Proof. Let ABC DE be a polygon formed of given sides, with a circle circum- 
scribed about it. Draw the diameter AF, and jon FC and FD. The Fig 9. 
polygons ABCF and ADEF are now maximum polygons, and A 
therefore A BCD E must also be a maximum, since its enlargement 
would enlarge the sum of the other two. 

We have thus proved the converse of the proposition, and the prop- 
osition is true, unless there is more than one maximum form of the 
polygon. 

The converse is more easily proved than the proposition, and I 
therefore proved it, on the assumption that there is but one maximum 
form. That is, I have proved that a polygon of given sides, when in- 
scribed in a circle, isa maximum; but that does not strictly prove that the maximum can al- 
ways be inscribed in a circle ; except on the assumption, which is, however, a safe one, that a 
polygon formed of given sides, arranged in a given order of succession, can have but one max- 
imum form. 





147. Theorem. Of isoperimetrical triangles with one side 

given, the maximum has the two undetermined sides equal. 
— Proof. In order to prove this we*have only to show that the 
point A is at its greatest distance from the base, B C, when 
opposite the middle of it. This might seem scarcely to need 
proof. For when we use a string and stick to illustrate the 
problem, we can see that by sliding the finger from the middle 
of the string, it can be brought down into a line with the stick ; and 
the greatest height from the stick is near the middle of the string. 
Further consideration shows it must be exactly at the centre of the 
string, because the finger and string have precisely the same relation 
to one end of the stick as to the other; and a motion towards either 
end must affect the height of the finger in a similar manner. 

This reasoning is doubtless satisfactory to every fair mind. Yet it 
is not a good mathematical demonstration, and I have given it to you 
for the purpose of illustrating the peculiar nature of mathematical reasoning. The reasoning 
just given leaves no real doubt on the mind, but it is rather because we see with the eye that 
the finger is highest in the middle, than because we see with the mind that it must be. There 
is another step still lacking, to prove to us that the highest points are not on each side of the 
exact middle, as that would satisfy the conditions of symmetry and of declination towards each 
end. Let us then seek a proof which shall not force us to consider the whole motion of the 
finger, but which shall simply compare two forms of the triangle, one with the finger in the 
middle of the string, and one with the finger on one side. 

148. Theorem. If a straight line be drawn from the vertex of two equal sides in a triangle, 
at right angles to the third side, it divides the third side into equal parts. — Proof. Let c and 
a be equal sides in a triangle ABC. Since (Fig. 16, Art. 140) the angles at A and C are 
equal, the angles } B C and bB A are also equal. If, therefore, the triangle Bbc be folded over 
on the line Bd, the line a will take the same direction as the line c, and, being of the same 
length, will coincide with it. Hence, bC will also coincide with b A, and the two lines must 
be of equal length. 


149. New proof of Art. 147. Let ABC and AB‘C be isoperimetrical, and let AB and 
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BC be equal. Continue AB to D, making BD = BA = BC, and join DC. Then, by Art. 
144, the angle DC A is a right angle. Draw B’E making it equal to B’C. Join AE. AE 
will be less than the sum of AB’ and B’E, that is less than AB’ and 
B’ C, that is less than AB and BC, that is less than AD. But if AE 
is less than A D, then C E must be less than C D, because the square on 
CE is equivalent to the difference of the squares on AE and AC, 
while the square on C D is equivalent to the difference of the squares 
on ADand AC. Draw BH and B’I at right angles to CD; we have 
CI which is half CE less than CH whichis half CD. But CI and 
CH are the altitudes of the triangles ABC and AB’C above their 
common base AC. The triangle with the undetermined sides equal has the greatest altitude 
and must be the largest triangle. 

150. Theorem. The maximum of isoperimetrical polygons of a given number of sides is 
equilateral, that is, has equal sides. — Proof. Let AB CED (Fig. 9) be the maximum of 
isoperimetrical polygons of a given number of sides. Then AB must equal BC. For if it 
did not, then after joining A and C we could enlarge the triangle AB C by equalizing AB 
and AC, and thus enlarge the polygon without altering the number of sides or the perimeter, 
and the present form would not be the maximum. 

In like manner we may prove that B C = C E, &. 

151. Corollary. The maximum of isoperimetrical polygons of a given number of sides is 
regular by Arts. 150 and 146. 

152. Axiom. A circle may be considered as a regular polygon having an unlimited number 
of sides. And this regular polygon may be considered as either inscribed in or circumscribed 
about the real curve. 

153. Theorem. The area of a regular polygon is measured by half the product of the perim- 
eter into the radius of the inscribed circle. — Proof. For if lines be drawn from each vertex 
of the polygon to the centre, the polygon will be divided into triangles having a common 
altitude equal to the radius of the inscribed circle, the sum of the bases of these triangles being 
equal to the perimeter of the polygon. 

154. Corollary. The area of a circle is measured by half the product of the radius into the 
circumference. 

155. Theorem. The perimeter of a circumscribed polygon is greater than the circumference 
of the circle. — Proof. Let AB be half a side of a circumscribed polygon, and DB the 
portion of arc intercepted by lines drawn from A and B to the centre of the 
circle. Divide DB into arcs so small that each may be considered asa short A 
straight line. Through the points of division draw lines extending from the line 
AB to the point C. At the end B, the little arcs are equal to the corresponding D 
pieces of the line AB; but as you approach A the divisions of the line grow 
longer than the corresponding divisions of the arc, for two reasons ; first, the little 
ares are at right angles to the radii, while the portions of the line are not (Art. 
136); secondly, the little ares are nearer to the point C, towards which the radii 
converge. The whole of A B must therefore be longer than the whole of DB. But it is mani- 
fest that the circumference consists of as many times D B as the perimeter does of the line A B. 

156. Corollary. The circle inscribed in a regular polygon is smaller than a circle isoperimet- 
rical with the polygon and has a shorter radius. 

157. Corollary. The circle is the maximum among isoperimetrical regular polygons. 

158. Corollary. The circle is the maximum among isoperimetrical figures; a proposition 
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towards which we have been directing our course through 48 articles, some of which are them- 
selves complex propositions referring to the preceding chapters. No other science requires 
anything like such long trains of connected reasoning, as those used in the mathematics. An 
argument in other matters usually consists of only a few steps ;— what are called long argu- 
ments being really a collection of shorter independent proofs of the same thing. In the mathe- 
matics we are frequently required to take, as in the present instance, hundreds of consecutive 
steps to attain a single position. 

159. Scholium. A slight modification of the reasoning in Arts. 155-157 would show that of 
isoperimetrical polygons that is greatest which has the greatest number of sides. 

160. He that really wishes to learn geometry must learn to work alone. I advise the learner 
now to take up “First Lessons in Geometry,” and, beginning with the fourth chapter, go 
through to the twenty-sixth, trying how many of the facts he can prove. I think he can, if he 
sets himself to work with a good will, prove the greater part. Perhaps he will be obliged to 
ask some help of his teacher, but I think not much. He will, however, do well to show his 
demonstrations to his teacher for his criticism. 

When he comes to Chap. XXVI. of the “ First Lessons” he will be obliged to lay down the 
book again, as the propositions in the remainder of the book cannot be proved without the aid 
of higher branches of mathematics, — Algebra, Trigonometry, and the Calculus. 

161. In proving the Pythagorean proposition, and the proposition that the circle is the maxi- 
mum among isoperimetrical plane figures, I have tried to give good examples of the mathe- 
matical mode of proof;—the analysis, in which the mind turns the proposition over in every 
form, trying all sorts of experiments upon it intellectually, to discover its vulnerable side ; — 
and the synthesis, by which we then enter step by step into the very secret of the mystery. 

Analysis consists in taking the proposition itself as the starting point, and going, step by step, 
to self-evident truths, or at least to truths already proved. Synthesis consists in starting with 
self-evident truths, or truths already proved, and going step by step to the truth which you 
would prove. But synthesis generally requires a previous rough analysis by which you select 
the proper point of departure for your synthetical reasoning. 

A species of analysis called reductio ad absurdum is often used, in cases where true analysis, 
or true synthesis, is difficult. In this form of proof you assume that your proposition is not 
true, and by analysis show that this would lead you, step by step, to the denial of self-evident 
truth. This shows the proposition to be true, by simply showing that it cannot be false. Arti- 
cle 138 gives an instance of this proof. 

I think you will, after mastering this book thoroughly, be able to read any of the books on 
geometry which you will be at all likely to meet with. 


END OF PART I. 
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Mathematical Monthly DMotices. 


The Ladies and Gentlemen’s Diary, or United States Almanac, and Repository of Science and 
Amusement. Intended for an Annual Magazine, including a variety of matter, chiefly original, 
on subjects of general utility, in the Arts, Sciences, Agriculture, Manufactures, &c., &c. Ed- 
ited by M. Nasu. New York: J. Seymour, Printer. 1819. 

The work is divided into two parts. The former entitled the Ladies and Gentlemen’s Diary, 
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or United States Almanac, is designed, as stated in the address to the public, “to provide for 
the friends of science a convenient guide and companion, which will assist those already skilled 
in the science of Astronomy, and instruct those who have had less opportunities for information. 
To offer superior advantages to ingenious persons of every description, particularly to such as 
are employed in coasting vessels, for an improved knowledge of the tides, and to whom a 
greater acquaintance with the stars must not only be agreeable, but of eminent utility — to be 
in many respects a national work — an Almanack for the United States. The latter, entitled 
the Repository of Science and Amusement, “ will include original essays, relating to the arts 
and sciences; and every year mathematical questions to be answered in the next. Then will 
follow literary and philosophic queries, poetical enigmas, rebusses, and charades; likewise to 
be answered in the succeeding year.” 

The mathematical department was mainly enriched by the contributions of Prof. ApRAIN, 
Joun Macavutey, of Liverpool, England, the Hon. Watter Fouger, Jr., Member of Con- 
gress from Nantucket, Gzorce Gartu, Philadelphia, Jonn Capp, Harrisburgh, Penn., and 
James Putiuips, Haerlem, N. Y., now Prof. of Mathematics in the University of North Caro- 
lina. Grorce Gartu, of Philadelphia, was by far the most successful competitor in the 
solution of the Philosophie Queries. 

Three numbers only of this highly interesting and instructive work were published. The 
first number appeared in 1820. Witt1am Timpson, White Plains, N. Y. 

An Elementary Treatise on the Lunar Theory, with a brief sketch of the history of the prob- 
lem up to the time of Newron. By Hucu Goprray, M. A., of St. John’s College, Cam- 
bridge. Second edition, revised. MacMillan and Co., Cambridge, and 23 Henrietta Street, 
Covent Garden, London. 1859. pp. 119. 

This work is intended as introductory to the more elaborate treatises on the Lunar Theory, 
and we heartily recommend it to those students who wish to understand the general character 
of this important problem. The first chapter is devoted to the “ Principle of Superposition of 
Small Motions, and “ Attractions of Spherical Bodies.” The problems of two and three bodies 
are considered in the second chapter; and in the third, fourth, and fifth chapters we find the 
rigorous differential equations of the Moon’s motions, their integration to quantities of the 
second order, and the methods which may be employed for computing the numerical values of 
the coefficients. The sixth chapter gives the physical interpretation of the results, the seventh, 
a series of propositions connected with the processes in the Lunar Theory, and the eighth, the 
history of the lunar problem before Newton. This little volume is an admirable introduction 
to the study of this great problem. 

A Treatise on Conic Sections ; containing an account of some of the most important modern 
algebraic and geometric methods. By Rev. Grorce Satmon, A.M., Fellow and Tutor, 
Trinity College, Dublin. Third edition, revised and enlarged. London: Longman, Brown, 
Green, and Longmans. 1855, 

An Elementary Treatise on Conic Sections and Algebraic Geometry ; with a numerous collec- 
tion of easy examples, progressively arranged. Especially designed for the use of schools and © 
beginners) By G. Hate Puckte, M. A., St. John’s College, Cambridge, Principal of Win- 
demere College. Second edition, enlarged and improved. MacMillan and Co., Cambridge, 
and 23 Henrietta Street, Covent Garden, London. 1858. 

We have brought these two works together for the reason that the latter is written upon the 
same plan as the former, and is essentially introductory to it; and therefore what we have to 
say applies equally to both. It is hardly to be supposed that two such admirable works as 
these before us should be entirely unknown in this country after so many years’ publication; 
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but we have no reason to suppose that they are by any means so generally known as to render 
a brief notice unnecessary. 

We have already called the attention of our readers to two of Mr. SALMON’s books, “ A 
Treatise on Higher Plane Curves,” and “ Lessons on Higher Algebra,” and we believe we shall 
be doing mathematical students a good service by urging them to give the present volumes 
their special attention. For those who have already made some progress in the study of Ana- 
lytic Geometry Mr. SALMoN’s work will be sufficient. One most valuable feature in the plan 
of these works is the collections of problems which immediately follow the discussion of each 
proposition, to test the student’s understanding of the subject as fast as it is gone over; the 
former contains over 400, and the latter nearly as many. In Mr. Satmon’s book many of the 
problems are solved, and to a much larger number are appended such remarks and suggestions 
as will enable the student to master them. Mr. PUCKLE gives the answers to all the questions 
at the end of the volume. But excellent as these volumes are in this respect, and also in the 
arrangement of the propositions, and the elegance and clearness of their demonstrations, we only 
call attention to them with regard to a want which the text books on the subject in use in this 
country do not supply. These volumes, the former more fully, give a systematic and intelli- 
gible account of “the algebraic and geometrical methods which have been introduced into use 
of late years;” but upon which our own text books are silent. Perhaps we shall make our 
idea more clear by specifying some of the methods. In the first place there is an “abridged 
notation” which very much facilitates otherwise long and tedious algebraical computations. 
Thus, if a = 0, and 8 = 0, are the equations of two straight lines, then a — 8 = 0 is that ofa 
line passing through the intersection of a = 0, 8 = 0, bisecting the angle they make with each 
other. If, then, a0, B=0, y= 0, denote the three sides of a triangle, a— B = 0, 
B—y=0, y—a= 0, denote the equations of the bisectors of the angles of this triangle, 
and since their sum vanishes identically, we have the proof that the bisectors of the angles of a 
triangle meet in a point. Again, if S=0 and S’ = 0 are the equations of two conics, then 
S+k S’ = 0 is that of the conic passing through the four real or imaginary points in which 
S=0 and S’=0 intersect. If S’ breaks up into two right lines a= 0,8 = 0, then 
S+kafB=0 is the conic passing through the four points in which a and 8 intersect S. 
If both Sand S’ break into two right lines each, then ay + 488 = 0 denotes the conic cir- 
cumscribing the quadrilateral (a 8 y 8). But we have no room for further illustration of the 
facility with which such a notation can be applied, to render propositions, quite difficult by the 
usual methods, almost self-evident. 

We must refer the student to the volumes themselves, especially the former, for the methods 
of “Reciprocal Polars,” “Harmonic and Anharmonic properties of Conics,” “ Involution,” 
“ Projections,” &c. Indeed, some of the chapters of these books contain a new language for 
those only acquainted with the text books on Analytic Geometry of fifteen or twenty years 
ago. Those teachers and students who are desirous of becoming acquainted with the modern 
methods will never regret having had their particular attention called to these volumes. 

Théorie Général de UV Elimination. Par Le Curvatrer Francois Fad pe Bruno, Docteur 
és Sciences de la Faculté de Paris, Capitaine Honoraire de l’fktat Major Sadre, Professeur 
Libre a l'Université de Turin. Paris: Libraire Centrale des Sciences, Leiber et Faraguet, 
Rue de Seine-Saint-Germain, No. 13. 1859. 

There have always beén two different classes of workers in every department of science, 
the inventors, and those who come after and systematize and popularize all that is known in 
any particular department. And while the former have a more direct agency in the progress 
of science, it may well be doubted whether the latter by the broad culture which is the inevi- 
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table result of their labors, are not, after all and on the whole, its greatest promoters, by pre- 
paring the way for future discoveries. 

In this volume the labors of Bezout, Jacosr, Bett1, Liouvitie, CAYLEY, SYLVESTER, 
Borcnarpt, &c., which relate to elimination, but scattered through the various Journals and 
Proceedings of Academies, are co-ordinated under a single point of view. The aid thus ren- 
dered the student, not more for what the work furnishes, than for the sources of information 
which it points out, cannot fail to make it valuable. Indeed, it is only by the publication of 
such compends of the different branches of the science that we can hope, in the shortest time, 
and with the least labor, to become acquainted with their present limits, and the directions in 
which the student is most likely to be rewarded by new discoveries. 

The work is divided into three parts; the first gives the theory of elimination between two 
equations; the second, between three equations; and the third, the elimination of many vari- 
ables between any number of equations. 





Gilitorvial Items. 





WE have received the following solutions of the Prize Problems in the March Number of the 
Monthly : — 

AMANDA M. Bennett, Saline, Mich., Probs. I., IT. 

Harriet 8. Haze.tine, Worcester, Mass., Probs. I., II. 

GeorGcE A. Osporng, JR, Lawrence Scientific School, Cambridge, Mass., Probs. III, IV., V. 

B. F. Stanty, Seminary, Cazenovia, N. Y., Prob. II. 

Joun J. CARTER, Nunda Lit. Institute, N. Y., Prob. I. 

Witiram Hincacuiirre, Barre Plains, Mass., Probs. I., II., II. 

Frank N. Deverevx, Boston, Prob. II. 

Davip TrowsripGE, Perry City, N. Y., Probs. I., IL, IIL, IV., V. 

Horace C. Sytvester, Boston, Prob. II. 

JAMES F. Roserson, Ind. Univ., Bloomington, Probs. I., II., TI. 

Isaac H. Turret, Mt. Carmel, Ind., Probs. I., IL, V. 

CHARLES F isu, Patten, Me., Prob. V. 

Asuer B. Evans, Madison Univ., N. Y., Probs. III., IV., V. 

M. C. Corey, Exeter, N. H., Prob. II. 


m m * 
Errata. — On page 100, equations (10), for gu g” read (oz ) ; for g” —- g” read */ q”. 


Books Received. — Elements of Chemical Physics. By Jostan P. Cooker, Jr., Erving Pro- 
fessor of Chemistry and Mineralogy in Harvard University. 8vo. pp. 739. Boston: Little, 
Brown, and Co. 1860. Théorie Nouvelle Géométrique et Mécanique des Lignes a Double 
Courbure, par Paut Serret, Docteur és Sciences, Membre de la Société Philomathique. 
Paris: Mallet-Bachelitr, Imprimeur-Libraire du Bureau des Longitudes, &c. 1860. 


























June, 1860. 
LITTLE, BROWN, & COMPANY, 


37 Kilby Street, Boston, 
HAVE JUST PUBLISHED 


Glements of GOhemical Physics. 


BY JOSIAH P. COOKE, JR., 
Irving Professor of Chemistry and Mineralogy in Harvard College. 


Illustrated with 400 Woodcuts. With a copious Index. One volume. 8vo. Price, $3.00. 
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Tugs book has been prepared to meet a want, to which the division of subjects usually adopted in the colleges of this country, 
between the various departments of physical science, has given rise. It covers that portion of Physics which is conveniently taught in 
connection with Chemistry. It treats, for example, of the properties of matter in its three conditions, including crystallography, 
hydrostatics, and pneumatics ; of heat in its relations to matter, and of the various methods by which the weight and volume of solids, 
liquids, or gases, are accurately measured. 

In order to adapt the book to the purposes of instruction, it has been prepared on a strictly inductive method throughout, and so 
much of the subject-matter of mechanics has been given at the beginning of the volume as was necessary to secure this object. For 
the same reason, each chapter is followed by a large number of problems, which are calculated not only to test the knowledge of the 
student, but also to extend and apply the principles stated in the text. Care has been taken to include the latest results of science, 
and several of the subjects‘have been so far developed as to illustrate the methods of physical research. The appendix contains a 
large collection of tables, such as are of daily use in the chemical laboratory, and which will render the work valuable to the pro- 
fessional chemist. 


GRAY’S BOTANICAL SERIES, 


By ASA GRAY, M.D., 


FISHER PROFESSOR OF NATURAL SCIENCE IN HARVARD UNIVERSITY. 





1. “HOW PLANTS GROW.” A Botany for Beginners. 500 Cuts. Price, 75 cents. 
2. LESSONS IN BOTANY. 360 Cuts. Price, $1.00. 

38. MANUAL OF BOTANY. For Schools. Price, $1.50. 

4. MANUAL AND LESSONS, in one volume. Price, $ 2.25. 

5. MANUAL. Illustrated with Mosses. Price, $2.25. 

6. STRUCTURAL AND SYSTEMATIC BOTANY. 1800 Cuts. Price, $2.00. 


Catalogue of Plants, from Gray’s Manual. To aid in exchanges between Botanists, and for labels. Price, 25 cents, prepaid. 
$ 2.00 per dozen. 





Tuts Series of Text-Books in Botany, prepared by Prof. ASA GRAY, of Harvard University, offers to teachers and students by far the most compre- 
hensive, lucid, attractive, and accurate apparatus for the study of Botany to be found in the language. The conscientious and oft-revised labor of years, 
they embody the ripest results of the experience and scholarship of the author, who stands confessedly at the head of this department of science in this 
country. No text-books ever published have received more unqualified and cordial approval. Testimonials have been received from the First Naturalists 
in this Country and in Europe. Extracts from these commendatory notices were given in the third number of IVISON, PHINNEY, & Co.’s EpuCcA- 
TIONAL NEWS, and more fully in their DESCRIPTIVE CATALOGUE, which contains over Twelve Octavo Pages, from distinguished scholars in all parts 
of the country. Only a few can be given here, but we request particular attention to the following : — 

Prof. AGASSIZ, the distinguished naturalist, writes: —‘“*I am so, College, writes: —‘‘ Having had varied experience as a teacher of Botany 
much pleased with the plan of ‘Gray’s Lessons,’ I find it so admirably | for about thirty years, to pupils of both sexes, / am of the opinion that the botan- 
adapted to the first wants of the student of that science, the order in which | ical works of Professor Gray ought to supersede all others, not only in our col- 
the different subjects are introduced is so true to nature, and so well fitted | leges, but also in all the schools in the country.”” 
to give a correct idea of the true character of the life of plants, that J truly 
hope it may be generally adopted as a text-book wherever Botany is taught.”’ 


Prof. PEARSON, of Union College, writes of the ‘* Manual ”: —‘ It is 


They also have the indorsement of Drs. LINDLEY and HOOKER, of 
London ; Prof. TUCKERMAN, of Amherst College ; Prof. Torrey, U.S. 
: ‘ : Assay Office; Prof. SILLIMAN, of Yale College; Profs. GuyoT and 
beyond comparison, the best Manual in this countey, and should find a place Somanck, of Princeton ; Prof. Hotton, of Middlebury College ; Prof. 
in every institution where Botany is studied. CHADBOURNE, Williams College; Dr. DARLINGTON, of Philadelphia ; 

Dr. WILLIAM TULLY, formerly Professor of Materia Medica in Yale | Prof. HENRY, Smithsonian Institution ; and many others. 

0S Single copies of such as are used in classes sent at half price to Teachers for examination with a view to introduction. 
Liberal terms for first supplies. 


IVISON, PHINNEY, & CO., NEW YORK. 




















“SILLIMAN’S JOURNAL.’ 


THE AMERICAN JOURNAL OF SCIENCE AND ARTS, 


(Iwo Volumes Annually, each of at least 450 pages, 8vo.) 
PUBLISHED IN NUMBERS (ILLUSTRATED) OF 152 PAGES ON THE FIRST OF EVERY OTHER MONTH, Viz.:— 


JANUARY, MARCH, MAY, JULY, SEPTEMBER, & NOVEMBER, 


AT NEW HAVEN, CONNECTICUT. 





BY 


B. SILLIMAN, Jr., ann J. D. DANA. 
$5 PER ANNUM, IN ADVANCE. 


The Journal is sent posT-PArD after the annual payment is received. ‘ 


EDITED BY 
PROFESSORS B. SILLIMAN, B. SILLIMAN, Jr., ann PROF. JAMES DWIGHT DANA, 
NEW HAVEN, 
IN CONNECTION WITH 
Professor ASA GRAY, of Cambridge, Professor LOUIS AGASSIZ, of Cambridge, 


Dr. WOLCOTT GIBBS, of New York. 


This work has now been established more than forty years, and is the ONLY JouRNAL of the kind in the 
United States. It is devoted to the general interests of Paysicat and CuemicaL Science, Geoioey, 
MINERALOGY, Natura History, Meteorotocy, Greocrarny, and kindred departments of knowledge, 
and contains original papers, as well as abstracts of foreign discoveries, on all these topics. 

Seventy-eight volumes have already been published, —Frirty in the first and TWENTY-EIGHT in the second 
Series. 

Subscribers receiving their copies direct from the Publishers remit their subscriptions to the Office of 
Srttman’s JourNAL, New Haven, Conn. 

Most of the back volumes can be obtained of the Publishers. 

All communications, remittances, &c., to be addressed to 

SILLIMAN & DANA, 


Office of Silliman’s Journal of Science, 
NEW HAVEN, CONN. 


As an inducement to teachers and others, we offer to send this Journal for one year to any person who will 
send us the names of two new subscribers, accompanied by $10, and for every additional new subscriber we 
will allow $1 to be deducted from the remittance to accompany the name. Postage prepaid, in all cases, 
after the subscription for the current year is received. 


Notices. 


A work which for nearly half a century has kept unflinchingly on the even tenor of its way, with a constantly growing reputa- 
tion, has no need of culling “ notices” from the Press. A single extract from a notice of the November number of 1859, from the 
Boston Courier and National Intelligencer, will show the estimation in which it is held. 

“ We are not aware that this number, whose contents we have briefly sketched, is richer than usual. We believe it steadily sup- 
ports the character it has earned, of being, what good authorities have pronounced, the best scientific periodical in the English lan- 
guage which covers an equal, or nearly equal field. Its editorial staff warrants its abilities. Besides its venerable founder, there 
is the younger Silliman, and Professor J. D. Dana, our most encyclopedic and ablest general naturalist, assisted by Agassiz, Gray, 
and Wolcott Gibbs, in their several departments.” 












































BRYANT, STRATTON, & PACKARD'S 
NEW YORK CITY MERCANTILE COLLEGE, 


18 and 19 COOPER INSTITUTE. 





Tats Institution is one of eight, forming the “ National Chain of Mercantile Colleges,” and 
located in the principal commercial cities reaching from the seaboard to the valley of the Missis- 


sippi, viz. : — 


Hew Pork, Philadelphia, Albany, Buffalo, Clebeland, Detroit, Chicago, und St. Louis, 


The facilities afforded in these Colleges for a thorough commercial education cannot be ex- 
celled in the country ; and the position which they hold in the community renders a diploma 


which they may issue the best guaranty which a young man can offer of thorough accountant- 
ship. 

A scholarship issued at one point is good for an indefinite period at all. 

The system of Writing taught at all these Colleges is the pure “ Spencerian,” which is 
acknowledged by all business men and men of taste as the only practical system in use. The 
teachers at the various points are men of marked ability in their several departments, and the 


system of instruction is, in all respects, up to the demand of the times. 


The following testimonial we select from hundreds of similar purport : — 


“ Coorer Institute, New York, Nov. 30, 1859. 
“To whom 1T MAY CONCERN: — 


“It affords me pleasure to state that Messrs. Bryant, Stratton, & Packard have, for a year past, had in operation a branch of 
Bryant, Stratton, & Co.’s Chain of National Mercantile Colleges, in the Cooper Institute, and that it has been eminently successful, 
and promises to be an important adjunct to the educational interests of the City of New York, and the country at large. I have 
found these gentlemen honorable and straightforward in their dealings, and am fully persuaded that they are thoroughly imbued 
with a sense of the importance of their profession. That this is the prevailing sentiment is evident from the class of patronage 
which they have received, and are receiving, at this point. They have now a large class in attendance, including the sons of some 
of our most prominent merchants and professional men, and I have no doubt of their ability to sustain themselves in their pres- 
ent high reputation, and to fulfil any reasonable anticipations of success in their enterprise of establishing Mercantile Colleges in 
the important commercial cities of the Union. Messrs. Bryant, Stratton, & Packard are worthy the sympathy and co-operation of 
all good men. Respectfully, 

“PETER COOPER. 
“We fully concur in the above statement : 
“DANIEL F. TIEMANN, 
WILSON G. HUNT, 
GEO. K. CHASE & CO., Bankers.’’ 


G@ For particulars, as to terms and facilities, address as below, for Catalogue and Circular, 


BRYANT, STRATTON, & PACKARD, 
Cooper Institute, New York. 


























IN NINE PROGRESSIVE BOOKS,—SCHOOL 


Shencerian System of Penmanship, 


SERIES IN FIVE BOOKS,—BUSINESS AND 


LADIES SERIES IN FOUR BOOKS. 
By Pror. P. R: SPENCER, 


Who has for more than thirty-five years been regarded as the ‘‘ Prince of Penmen”’ in the United States. His 
pupils have been awarded first premiums in nearly all the State and National Fairs for many years. 





The SpencertAn Cory-Books have recently been NEWLY EN-| 
GRAVED UPON STEEL PLATES, in the highest style of art, and 
are a fac-simile of the author’s handwriting. 

In the first four books all the letters are introduced by the princi- 
ple of analysis and synthesis, exhibiting the elementary or constitu- 
ent parts of each letter, and the method of joining them together 
producing perfect formation. This new and interesting feature is | 
peculiar to this system, and gives to the attentive pupil clear and | 
perfect conceptions of the formation of each and every letter con- | 
tained in the copies, at the head of the page. | 


The entire Series is progressively arranged to meet the wants of 
schools and pupils of every grade. Each book contains lucid rules 


|and scientific instructions, so that any intelligent person can effi- 


ciently impart instruction to the learner, or acquire a beautiful and 
expeditious handwriting without the aid of a teacher. Price, 124 


| cents each. 


For more particular description, see our EDUCATIONAL News, and 
specimens of the books. 


GS Two copies from each of the first five books may be found on opposite page. 


PROMINENT FEATURES IN THE SERIES. 


1. The absence of the old style of coarse, or round-hand copies 
with heavily shaded strokes, usually found in primary copy-books. 


2. The adoption of plain, practical forms in the primary books, 
thus teaching the child that which he will use, both from choice and 
expediency, through life. 

8. The analysis of all the letters and a concise explanation of their 
constituent parts in the primary books, giving the learner an ideal 
standard of perfect formation. 


4. The progressive, systematic arrangement of copies, conducting 
the learner from the simplest element to finished practice. | 





5. The governing curves in the formation of the small letters 
renders them legible, expeditious, and beautiful to the highest 
degree. 


6. The angle or slope of the writing is that which the best business 
writers naturally adopt, and such as will secure to the pupil the high- 
est degree of excellence in the art. 

7. The close and almost exact resemblance of the copies to those 
written by the author, — who has been a practical teacher for forty 
years, and has produced a greater number of skilful, professional, and 
business penmen than any living man. 


TESTIMONIALS TO SPENCER’S PENMANSHIP. 


A large number of testimonials have recently been sent to us, from various sections of the Union, by prominent 
educators, expressing their unqualified approbation of this system, and its adaptation to the schools of our country, of 


which we have room for the few following. 
LOGUE: — 


All the Teachers of the Public Schools of the city of Buffalo unite 
in a testimonial which says: —“ The Spencerian System of Penman- 
ship has been taught in the Public Schools of Buffalo, for the past 
ten years, continuously, and is now regarded as an indispensable 
branch of public instruction. In our opinion, it can have no superior 
as a means of instruction in the Art of Writing, because every possi- 
ble form or combination that good taste wil sanction, and every 
method of illustration that the highest skill can devise, are abun- 
dantly provided for in the system itself. It is easily taught and 
easily learned. It is a pleasant study to every one. It never fails to 
interest the pupil.” 

BRYANT AND StRatton’s Chain of Commercial Colleges at New 
York, Philadelphia, Albany, Buffalo, Cleveland, Detroit, and Chi- 
cago,—the most extensive chain of Commercial Colleges in the 
world, and deservedly popular,— adopt and use the SPENCERIAN 
SysteM exclusively in all their instructions, and commend it as 
superior to all others. 


JosEPH WARREN, EsqQ., Superintendent of Public Schools, Buf- 
falo: —“* The Spencerian System of Penmanship has been in use in 
the Public Schools of this city for ten years, and has proved entirely 
satisfactory. I fully concur in the above commendations.” 

Hon. Anson Smytu, Ohio State School Commissioner, writes: — 
“ With the Spencerian System of Penmanship I am greatly pleased. 
As a means of instruction in the art of writing, it is, in my estima- 





Further commendatory notices are given in our Descriptive CatTa- 


tion, without an equal. I cheerfully recommend it to the considera- 
tion of Boards of Education and Teachers, and I should be glad to 
see this system introduced into all the schools of Ohio.” 

ANDREW FREEZE, A.M., Superintendent of Public Instruction in 
the city of Cleveland, writes: — ‘I have examined the new series of 
Writing Books, by P. R. Spencer, recently published by Ivison, 
Putnney, & Co., of New York, and, in my opinion, Mr. Spencer has 
made a decided hit. The books, I think, are admirably adapted to 
our public schools, and they cannot fail to lead beginners into the 
author’s excellent style of Penmanship more readily and naturally 
than any arrangement of exercises and copies that I have ever seen. 
As to the Spencerian System of Penmanship, nothing in this country 
equals it. No other is taught in the Public Schools of our city, or 
will be.” 

P. H. Curtis, Esq., Superintendent of Public Schools in the city 
of Rochester, writes: — “ Being practically acquainted with the 
Spencerian System of Penmanship, and familiar with the success 
which has resulted from its introduction into the Rochester Public 
Schools, I take great pleasure in commending it to all who have 
charge of schools.” 

The SpENCERIAN System has recently been adopted in the Pub- 
lic Schools of the cities of Buffalo, Cleveland, Detroit, St. Louis, 
Oswego, Rochester, and other large cities, and is being rapidly intro- 
duced throughout the Union. 


Xr Specimens of the Copy-Books sent at half the retail price to Teachers for examination, with a view to Introduction. 


IVISON, PHINNEY, & CO., PuBLisHErs, 


Liberal terms for first supplies. 


48 and 50 Walker Street, New York. 
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IMPORTED AND FOR SALE BY 


SEVER AND FRANCIS, 


SUCCESSORS TO JOHN BARTLETT. 











ENGLISH. 

es Senet and Nautical Almanac. For the Years 1855- ry) - 
pam... «Treatise on Statics and Dynamics ° ° ° - 0.30 
BLAND. Algebraical — “ae 8vo. Second-hand ° ° ° 1.50 
—— Key to vo. 0. ° ° . « 175 

Philosophical Posblons. 8vo. do. cy deh DA 

Geometrical Problems. 8vo. do. . ._ « «© 0 ka 
BooLe. Treatise on Differential Equations . ° ° ° ° 4.20 
BooTH. Theory of Elliptic Integrals. 8vo. . . » « 223 
BORDEN. System of Railway Formule. 8vo, . - 225 
BRITISH NAUTICAL ALMANAC. 1861 and 1862, each ae + 1.00 
CARMICHAEL. ‘Treatise on the Calculus of Op 8vo. «© 275 
CHAUVENET. Trigonometry. 8vo. . . «© «+ « « « 150 
COURTENAY. Calculus. 8vo. 2.50 


COOMBE. Solutions of the Cambridge Problems, 1840, 1841." 8v0. . 








DEMORGAN. Differential and Integral Calculus e oe: «= 
EARNSHAW. Dynamics. 8vo. ° ° - 423 
FiscHER. Logarithmic Tables of Beven Places. “Translated from 
Bremiker’s Vega. 8vo. Hf. mo 2.50 
FrosT. Mathematical Questions of th the Senate-House Examination 
‘apers. 1838-1849. 8vo. ° . e 3.00 
Gauss. Theoria Motus. Translated by C. H. Davis. Ato. ° - 5.00 
GREGORY. Differential and Integral Calculus by Walton. 8vo. . 5.50 
HADDON. Differential Calculus . . ° ° . ° . - 30 
HAMILTON. Lectures on Quaternions. 8vo. . . ° ° e 6.30 
HANN. Integral Calculus’. ° ° ° . ° . - 3) 
HEATHER. Descriptive Geometry . . ° ° . 30 
HEMMING. Differential and sree Calculus. 8vo. . ° ° « 27 
IlUTTON. Mathematics . ° ° ° ° ° . 4.00 
——- Recreations. 1 vol. 8vo. ° ° . ° e - 4.00 
———— Mathematical Tables. 8vo. . ° ° e ° ° - 375 
IIlyMER. Plane and Spherical eee. . . . e ° 2.50 
—-—— Algebraic Equations . ° 3.00 
_—_— Treatise on Conic Sections. 8vo." 2.75 
——— Differential Equations and Calculus of Finite Differences. 
8vo. ° ° ° e ° ° ° ° 3.60 
———._ Integral Calculus ° ‘ ° ° ° ° ° -« 3.00 
— Geometry of Three Dimensions. 8va, . ° ° ° 3.00 
JAM AMIESON. Solutions of the Senate-House Rider. 8vo. . ° « 225 
LARDNER. System of Algebraic Geometry. 8vo. Second-hand . 175 
MAIN and BROWN. [Indicator and Dynometer . ° . ° 1.40 
Mathematical Monthly. Edited by J. D. Runkle. Vol. I. In Nos, 3.00 
0. do. f. mor. ° 4.00 
Mathematical Problems and Examples of the Senate- House Examina- 
tion Papers. 1821 - 1836. ith an Appendix containing the 
Senate-House Questions for 1837. 8vo. . e e ° - 3.00 
PARKINSON. Elementary Mechanics. Post 8vo. . ° ° - 287 
PeIRcE. Analytic Mechanics. 4to. . .« «© « ° - « 7.50 
Peirce, J. M. Analytic Geometry. 8vo. . : . ° ° 1.50 
PHEAR. Elementary Hydrostatics. Post 8vo. . ° ° - 1a 
Price. Differential and Integral Calculus. 3 vols. 8vo. 14.50 
Quarterly Journal of Pure and Applied Mathematics. Sylvester, Fer- 
riers, & Co. $6.00 per annum, post-paid. 
RANKINE. Manual of Applied Mechanics »« . .« « «'* « 200 
SALMON. Conic Sections . ° ° ° . . e . ° 3.50 
— Higher Plane Curves . ° . ° ° ° ° - 3.50 
— IHligher Algebra 1.80 


Solutions of the Cambridge Problems, 1848 ~ 1851. Ferrers and Jack- 



































son. 8vo. . . . ° 4.50 
- — ” 1854. Walton and McKenzie. 
8vo. ° ° ° . ° ° ° ° ° . - 2.50 
1857. Campion and Walton, 8vo. 2.50 
—_ : Senate-House Riders. Jamieson. 
8vo. . ° ° . ° ° ° ° . ° ° » 3.25 
SPOTTISWOODE. El ary TI lating to Deter 

Ato, . ° . ° ° . ° ° ° ° - 1.50 
TATE. Exercises on Mechanics, with Key. 2 vols. ° ° . 1.€2 
Mechanical Philosophy. 8vo. ° ° ° ° . - 3.95 
Materials. 8vo. . e . ° . " ° 1.75 
TATE and STEEL. Dynamics. 8vo.. ° . ° ° - 3.00 
TODHUNTER. Analytical Statics. Post 8vo. . ° ° ° - 3.09 
—- ial and Integral Calculus. 2 vols. Post 8vo. 6.00 
WALTON. Problems illustrative of Plane Coérdinate series 8vo. 48) 
— Mechanical Problems. 8vo. ° e 5.59 
— Problems .n Hydrostatics and Hy drody namics. 8vo. . 3.00 
On the Differential Calculus. 8vo. - 3.25 

Wa ALTON and MCKENZIE. Solutions of the Cambridge Problems. 
1854. 8vo. $3.25. Do. 1857. . . . - 2.50 
—— Problems in Elemertary Mechanics. 8vo. - 3.09 
WauD. Algebraic Geometry. 8vo. Hf. ef. a hand. ) - » 150 
WutweLL. Analytic Statics. 8vo. ° ° ‘ 2.25 
WILSON. Dynamies. 8vo. . ° ° ° ° e ° - 287 
WooLuouseE. Differential Calculus : . * &@ 3) 





FRENCH, &c. 






































CAMBRIDGE, 


AupE. Poussée des Terres. 8vo. Hf. ef. $ 1.87 
BELANGER. Résumé de Lecons de Géométrie Analytique’ et de Cal- 

cul Infinitésimal. 8vo. . ° 2.75 
Brot. Traité des Equations differentielles. ne mor. 2.00 
BOURCHARLAT. Eléments de Calcul Differential et du Calcul Inte- 

gral. 8vo. . ° 00 
BONNET. oo de Mécanique £lémentaire a PUsage des Candi- 

dates; l’Ecole Polytechnique. 8vo. . . . . . - 2.00 
BRIOSCHE. Theorte des Determinants. 8vo. 2 2.00 
BourRDON. Application de l’Algébre a la Géométrie. &vo, “HE. ef. 3.00 
CALLET. Tables de Logarithms. 8vo. Hf.cf. . - «» 6,00 
CHASLES, Traité de Géométrie Supérieure. 8vo, Hf. cf. - «+ 600 
CHOQUET. Traité élémentaire d’Algébre. 8vo. Hf.cf. . 2.00 
CouRNOT. Traité élémentaire de la Theorie des Fouctions, et “au 

Calcul Infinitésimal. 2 vols. 8vo. . 4.00 
CRELLE. Journal fur die reine und augewandte Mathematik. Per 

annum . . . 4.00 
DELISLE. Géométrie yo &vo. “He. of. ° ° + 3.00 
DUHAMEL. Cours d’Analyse Calcul [nfinitésimal. “9 sana 8vo. 

Hf. mor. . ° - « 5,00 
————— Cours de Mécanique. 2 vols. Bvo. “Ar. mor. ° 4.50 
DuPIN. Application de Géométrie et de nee & la Marine aux 

Ponts et Chaussées. 4to. Hf.mor.. . ° 4.50 

Developpments de Géométrie. 4to. Hf. mor. ° 4.50 

Géométrie et Mé quée aux Arts. 8vo. Hf. mor. 2.50 

FRANCQGUR. Cours complet ‘de Mathématiques pures. 2vols, 8vo. 5.00 

lé ts de Statique. 8vo. Hf. cf. . ° ° « 2.00 

Gauss. Méthode des Moindres Carrés. 8vo. Hf.cf. . . ° 1.62 

K6OHLER, Logarithmisch Trigonometrisches Handbuch. 8vo, » 212 
Lacroix, Traité du Calcul Differential et du Calcul Integral. 3 

vols. in 4to, avec 18 pl. Mor. . ° ° . » 35.00 
LAGRANGE. Mécanique Analytique. 2 vols. 4to. ° ° » 13.00 
—_———_ Théorie des Fonctions Analytiques. 4to. Hf. mor. . 600 

Traité des Equations Numeriques de wus les Degrés. 

4to. Hf. mor. ‘ re: ° ° ° . - 5.09 
LALANDE. Tables de Logarithmes. 18mo. . e e e ° 1.25 
LAPLACE. Systéme du Monde. 4to. Hf. mor. ° . + 5.50 
LEGENDRE. Traité des Fonctions Elliptiques. 3 vols, to. Hf. mor. 20.00 
LEROY. Traité de Stéréotomie comprenant les Applications de la 

Géométrie Descriptive 4 la Theorie des Ombres, la Perspective 

» Lineaire, la Gnomonique, la Coupe des Pierres, et la Charpente, 
In 4to, avec Atlas de 74 pl. in fol. Paper, $9.00; hf. mor. + 12.00 
Traité de Géométrie Descriptive. In 4to, avec Atlas de 71 

pl. Paper, $3.00; hf. mor. $5.00 and . 6.00 
——— Analyse Appliquée & la Géométrie des trois Dimensions. 

8vo. Hf. cf. . 25 
LIOUVILLE. Journal de Mathématiques Pures et Appliquées. 1836 — 

1857. vols. . ° ° ° 
MAHISTRE. Cours de Mécanique Appliquée. 8vo. 00 
MONGE, Application de l’Analyse @ la Géométrie, Ato. Hf. mor. 10.50 

Traité élémentaire de Statique. 8vo. Hf. mor. ° 1.75 

MorRIN. Aide-mémoire de Mécanique Pratique. 8vo. . e 2.00 
MONTFERRIER. Encyclopédie Mathématique ou Exposition com- 
éte de Toutes les Branches des Mathématiques d’apres les 

Principles de la Philosophie des Mathématiques de Hoéné 

Wronski. 3 vols. 8vo. To be continued in monthly Livraisons, 6.00 
NAVIER. (Ketten) Hingbriichen. 4to. . . 5.00 
OLIVIER. Théorie Géométrique des Engrenages. 4to. Hf. mor. - 3.75 
— aaa, de Géométrie Descriptive. 2 vols. 4to, 

Hf. mor. ° 9.00 

7 1é t ” de “Géométrie Descriptive. 2 vols. Ato. 9.00 
Mémoires de Géom¢trie Descriptive, Theorique, et Ap- 
pliquée. 2vols. 4to. Hf. mor. ° 9.00 
Application de la Géométrie Descriptive. 2 vols.” Ato. 10.00 
—. Cours de Géometrie Descriptive. 2vols. 4to. Hf, mor. 10.00 
PornsoT. Eléments de Statique. 8vo. f. cf. ° ° e 2.50 
Poisson. Mécanique. 2 vols. 8vo. ° 6.00 
PONCELET et LESBROS, Experiences Hydrauliques. Ato. Ht. mor. 4.00 
PONTECOULANT. Systéme du Monde. 4 vols. 8vo. Hf.cf. . 16.00 
POUILLET. Eléments de — Experimentale. 3 vols. 8vo. 

Hf. ° + « ° - 7.50 

SERRET. Cours a@Algebre supérieure. 8vo. Hf. cf. ° ° - 3.50 
Eléments d’Arithmeétique. 8vo. Hf. ef. ° ° ° 1.50 
TERQUEM. Nouvelles Annales de Mathématiques. Monthly. Per 

annum ° ° . ° . ° ° ° ° ° ° 4.00 

—— Nouvelles Annales de Mathématiques, 1856-7. 2 vols. 

Hic. « ep eae ° ° ° - « 650 

—— Nouvelles Annales de Mathématiques. Tomes VIII. a 

XVII. Corresponding to the Years 1849-1859. 10 vols. Hf. cf. 

—— Bulletin Bibliographie, d’ ——e et de —— 

Mathématiques. 8vo. Lee, . - 3.00 
TRESCA. Géométrie Descriptive. 8vo. He. mor. ° 3.00 
VERHULST. Traité élémentairo des Fonctions Elliptiques. 8vo. 

Hf. cf. ° . 8.50 
VIEILLE. Cours complémentaire ‘d’Analyse et de Mécanique. " Bvo 
Hif.cf. . ° ° ° ° ° ° 2.50 
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SCIENTIFIC BOOKS. 





ENGINEERING, ASTRONOMY, &c. 


ADHEMAR. Le Traité des Ponts biais. 8vo, et Atlas in fol. . 











+ $8.00| HANN and GENNER. On the Steam-Engine. 8vo, . e e $2.75 
Annals of the Observatory of Harvard College. 3parts,each . . 4.00| HART. On Oblique Arches, 4to. . 2.40 
Annales de l’Observatorie Imperial de Paris. Par Le Verrier. 3 vols. HASKOLL. Railway Construction, from the setting ‘out of the centre 
in 4to. hf. cf. . . . 6 ° oe  « 24.00 line to the completion of the work. 2vols. Royal 8vo. Plates. 15.00 
ARAGO. Astronomie. 4 vols, 8vo. hf. mor. « ° . - 12.00| HENCK. Fieldbook for Engi s. 18mo. ae 1.50 
—— Notices Biographiques. 3 vols. 8vo. hf. mor. . - 9.00} HERSCHEL. Outlines of Astronomy. Fifth edition. 8v0. 5.40 
—— Notices Scientifiques. 4 vols. 8vo. hf. mor. . ° - 12.00| HInD. Examples in the Differential Calculus. 8vo. Second-hand. 1.50 
—-— Mémoires Scientifiques. Vol. I. 8vo. hf. mor. . . - 3.00| HUGHES. Treatise on Gas-Works . '.@ . ° . ° -90 
——— Voyages. 8vo.hf.mor. . ° e©« 8 c« ce oc 800) Hymzr. EI ts of Ast y. 8vo.  « 4% 
ARMSTRONG. Steam Boilers ° ° ° « 30} JAMIN. Cours de Physique, de l’Ecole Polytechnique. 8vo. ° 3.00 
BAKER. Treatise on Land Surveying and Engineering e ° e -60} LATHAM. Construction of Wrought-Iron Bridges. Embracing the 
BARLOW. On Materials and Construction. 8vo. . ° ° - 4.80 —— Ap — of the Principles of Mechanics to Wrought- 
Biot. Refractions Atmospheriques. 4to. a 1.35 Iron Girder- With numerous detail Plates. 8vo. - 4.75 
BLACK. Iron Highways from London to Edinburgh, &e. - «  « 1,00} Law. Civil - =r steal ..'« - ee oe eo 137 
BOURNE. Treatise on the Steam-Engine. 4to. e ° . . 6.00 Constructing and Repairing Roads . . . ° ° 30 
Bow. Treatise on Bracing. 8vo. - « 1.12} Loupon, Cyclopedia of Architecture. 8vo. . . «© « - 10.00 
BRANDE. Dictionary of Science, Literature, and “art. 8vo. « - 7.50) MAHAN, Civil Engineering. 8vo. 3.00 
BRETON. Traité du Nivellement. 8vo. . . . . «+  « 250} MAXWELL, J.C. On the Stability of the Motion of Saturn’s Rings. 
Buck. Oblique Arches of Bridges. 4to. . . ° - 3.75 4to. pa es . ee, Sap pee ie 1.80 
Builder, The. A Monthly Magazine for Architects.” Per annum - 8.00} MosELY. Mechanics of Engineering. 8vo. ° e ° .« » 3.50 
BURGOYNE. Blasting and Quarrying Stone . . ° . . .30| MULLER. Physics and Meteorology. 8vo. . .« . . - 4.00 
BURNELL. Treatise on Limes and Cements . . . . - .30| NEVILLE. Hydraulic Formule. 8vo. . . . . e 2.75 
Bury. Rudimentary Treatise on Architecture . ° . 45| NicoL. Cyclopedia of the Physical Sciences. 8vo. .  « - 375 
Civil Engineer and Architect’s Journal. Monthly. 4to. London. PRALY. Construction des Voutes biaises. 8vo. hf. ef. 1.87 
Per annum, post-paid ° - + 750} REGNAULT. Manuel des Aspirants au Grade d’Ingénieur “des Ponts 
CLARK. eo oy and Conway. Tubular Bridges. 2 vols. 8vo, and et Chaussées. Partie théorique et Partie pratique. 4 vols. 
Atlas, folio . . ° ° e - + 28.50 8vo. hf. cf. ° - 10.00 
CLEGG. Architecture of Machinery. Ato. 2.00 | Ra&:EBLING. Memoir of the Niagara Falls and International Suspen- 
CreEsy. On Bridge Building, and Equilibrium of Vaults and Arches. sion Bridge. 8vo. . ° e ° 7.50 
Folio ° in. ee - 10.00| SEWELL. ‘Treatise on Steam and Locomotives. 3 ‘vols. >. he +e 





Cyclopedia of Engineering. 8vo0. ° . e ° ° - 15.00} Simms. On the Use of Instruments. 8vo. e e . . ° 1.25 








D’AUBUISSON, Treatise on Hydraulics. Translated by Joseph Ben- —— On Levelling. 8vo. . - oe . © «2 oe 
nett. 8vo. SMITH. Linear Drawing. 8vo. . . . ° . e ° 1.50 
DE LA RIVE, Traité d’Electricité théorique et appliquée. 3 vols. ———— Topographical Drawing. 8vo. 1.50 
8vo. hf. mor. . . + 9.00| SonNET. Premiers Eléments de Mécanique Appliquée. 12mo. hf. cf. 1.75 
Treatise on Electricity, in Theory and Practice. 3 STEVENSON. Treatise on Lighthouses . ° . ° . . -90 
vols. 8vo. . + 22.00| SWINDELL. Well Digging and Boring . 30 
DEMPSEY. ‘Treatise on Drainage and Sewerage of Towns and TREDGOLD. Strength of Materials. Edited by Hodgkinson. DY vols. 7.50 
Buildings . -45| URE. Dictionary of Arts, Manufactures, and Mines. 2vols. 8vo. 5.00 
————._ Treatise on Drainage and Sewerage of Districts and Lands .30| VALLEE. Traiié de la Science du Desin. Contenant la Théorie 
DOBSON On Foundations and Concrete Works . ° . . 30 Générale des Ombres, la Perspective Lineaire, la Théorie Géné- 
On Masonry and Stonecutting . ° ° . . . -60 rale des Images d?Optique et le Perspective Aérienne appliquée 
——_ «-—« On Bricks and Tiles. 30 au Lavis, pour faire suite a la Géométrie Descriptive. In 4t, 
EmMY. ‘Traité de la Charpenterie. 2 vols. 4to, et “Atlas i in fol. hf. mor. 25.00 | et Atlas de 56 pl. Hf. mor. ° a ° 5.50 
FAIRBAIRN,. On the Application of Cast and Wrought Iron to Build- | VicaT. On Cements. Translated by Captain Smith © © « 2B 
ing Purposes, 8vo. ° ° e - 3.50| WARR. Dynamics. Construction of Machinery. 8vo. . ‘ ‘ 2.87 
—_—_—— ._ Useful Information for Engineers. * Evo. ° ° 3.25| WIESBACH. Mechanics. 2vols. 8vo . . e « 6.00 
FERGUSON. Handbook of Architecture. 2 vols. 8vo. hf. cf. . + 12.00} WILLIAMS, Practical Geodesy. Post 8vo. . 2.50 
GANOT. Traité elémentaire de Physique. |2mo. . . 1.75 | WILME. Handbook ” Mapping, — 4to. plain, $7.00; 
Physique a aaa des Gens du Monde. 308 magnifiques colored ° ° ° ° 12 00 
Vignettes. Hf. cf. . «© «© « SO | WILSON. Dynamics. “Bvo - 287 
GARBETT. Principles of Design i in Architecture e ° ° - 60) WoLFER. Tabule Reductionum ‘Observationum Astronomicarum. 
Gauss. Méthode ‘aes Moindres Carrés. 8vo. hf. cf. ‘ ° 1.62 | 8vo.  . - 3.50 


GAYFFIERS, Manuel des Ponts et Chaussées. 2 vols. 18mo. hf. cf. 3.00 | Woon. Practical Treatise ‘on Railroads. * 8v0. hf. mor. 


a 
GILLESPIE. Land Surveying. 8vo. ° ° ° ° 


e e 2.00| WOOLHOUSE. Weights and Measures of all Nations . ° ° .30 


————_ Roads. 8vo, . . ° e . 5 ery + « 125) WORTHEN, ‘Agphemats Handbook of Drawing. &vo. ° - 6.00 
GoprFrRayY. The Lunar Theory. 8vo. . . ° ° ° ° 1.€62| YVON VILLARCEAU. Etablissement des Arches de Pont. 4to. hf. 
GRANT. History of Physical Astronomy. 8vo. . .  e« « 49% mor. ° ° . . .. & . ° ° ° - 5.00 





MATHEMATICAL BOOKS RECENTLY RECEIVED. 














Ary. Gravitation, 2d hand. 12mo . ° ° ° . ° $2.5 LARDNER. Elements of Euclid. 5th Edition. 2d hand. 8vo. . 1.50 
Trigonometry. 12mo, ° ° ° e ° ° ————.._ Differential and Integral Calculus. 8vo. 2d hand - 2.00 
Mathematical Tracts. 2d hand. 8vo. . 3.00 LEYBOURN. Mathematical Questions with Solutions. 4 vols. 8vo. 

BourDAIS. Traité Pratique de la Resistance des Matériaux. 8vo. hf. ef. 2.75 Qd hand . ° ° ° e ° . ° - 8.00 

BRESsE. Cours de M Apr te. Svo. hf.cf.  . . 3.00| LUNN. Treatise on Motion. Bve. ° ° ° 2.25 

BRIOT ET BOUQUET. Théorie ‘des Fonctions Doublement Périodi- Mathematical Register ; or, Diarian Repository. 4to. 2d hand. - 2.50 

ques et en particulier des Fonctions Elliptiqnes. 8vo, hf.cf. . 275 eee i “ (The). Edited by Davies, ete and Fenw ick. 

BROUGHAM (LORD). Tracts, Mathematical and Physical. 8vo. 2.25 3 vols. 8vo. hf. ef. ° - 9.00 
Cambridge Problems, From 1801 to 1820. 2d hand. 8vo. e - 1,00) MEIssas. Exécution des Chemins de Fer. 12mo. bf. cf. ° 3.00 
CONSOLIN. Manuel du Voilier. 8vo. paper . 3.50 | MoIGNo. Lecons de Calcul Differential. Vol. 1. Hf. cf. Scarce. 9.00 
DE MORGAN. Explanation of the Gnomic Projection of the Sphere. MOSELEY. Hydrostatics and Hydrodynamics. 8vo. 2d hand. Scarce. 4.00 
8vo. Qdhand . 1.00 | O’BRIEN. Plane Co-ordinate Geometry. 8vo. 2d hand . ° 1.50 
Diarian sa ym Mathematical and Poetical, by "Hutton. 5 vols. | Poisson. ‘Traité de Mécanique. 2vols. 8vo. hf. bd. 2dhand . 5.00 
12mo. cf. . 4.00 | POTTER. Physical Optics. 2 parts. 8vo. . “er - Each 2.25 

Lady and Gentleman’ . hah: Poetical and Mathematical, for 1860 . 40 | |——--—.._ Treatise on Hydrostatics. 8vo. . ° ° - 2.25 

LAME. Lecons sur les Co ordonnées Curvilignes et leurs diverses STEVENSON. Algebraic Equations. 8vo. Qdhand . . . 41.00 

, Aepeteee. 8vo. hf.cfi . . ° . s'% « Sel 


~~ 





Xp Orders for the Importation of English, French, and German Books will be promptly executed, and at moderate prices. Early copies of all the 
new mathematical books published in England and France will be received as soon as published. 


BOOKS FOR PUBLIC LIBRARIES IMPORTED FREE OF DUTY. 


SEVER AND FRANCIS, 
Booksellers to the University, Cambridge. 









































THE 


UNIVERSITY QUARTERLY ; 


CONDUCTED BY AN ASSOCIATION OF 


Collegiate and Lrotessional Students, 


IN 


Atpany Law Scoot, Amuerst, ANDOveR THEOLOGICAL SEMINARY, ANTIOCH, BExorr, 
Bowporn, Brown, Cotumpra, DartmourH, Hamitton, Harvarp, Kenyon, Mip- 
DLEBURY, OBERLIN, PEoPpLE’s CoLLEGE, State AND Natrona Law Scuoot, 
Trinity, Troy University, UNIversity oF Beriin, UNIVERSITY OF 
Hattie, University oF Herpetserc, Unton THeroLocicaL SeEmi- 

NARY, UNIVERSITY OF VERMONT, WILLIAMS, YALE. 


It is the aim of the Magazine to promote the intellectual improvement, and liberalize the 
views of Students in the entire field of Liberal Education. The contents are partly Essays, 
and partly News-articles. 

The first Number contains testimonials in favor of the enterprise from President T. D. Wool- 
sey, Professor C. A. Goodrich, Dr. O. W. Holmes, Hon. Edward Everett, Rev. A. P. Peabody, 
Hon. Josiah Quincy, Hon. Horace Greeley, President Calvin Pease, Ex-President Edward Hitch- 
cock, Dr. John Todd, Dr. S. H. Tyng, W. L. Kingsley, Hon. Horace Mann, Professor J. N. 
Putnam, Rev. T. Baldwin, Rev. A. L. Stone, Dr. S. H. Taylor, and President Mark Hopkins. 

The Magazine has been favorably noticed by the Atlantic Monthly, the Bibliotheca Sacra, the 
New Englander, the New York Tribune, the Boston Journal, the Boston Transcript, the New 
York Independent, the New York Observer, the Congregationalist, and the Press generally. 

Each Number contains from 200 to 250 pages, printed in the best style. 


TERMS. 
One year, strictly in advance, subscribers paying postage, . ° ° . $2.00 
Single Numbers, . . : > , . ° , ° . ° . .60 


As the receipts are exclusively devoted to the maintenance and improvement of the Maga- 
zine, it is hoped that Students and friends of Liberal Education everywhere will aid in extending 
its circulation. 

The second Volume begins with the Number for July, 1860. 


THOMAS H. PEASE, 


General Agent for the Association, 
NEW HAVEN, CT. 




















THE CAPITAL COLLEGE. 





BRYANT, STRATTON, CALKINS, AND CLARK’S 


Albany Mercantile Gollege, 


446 and 448 Broadway, Albany, N. Y. 





One of the associated Colleges located at Albany, New York, Philadelphia, Buffalo, Cleveland, Detroit, 
Chicago, and St. Louis. A Scholarship admits the holder to any of the schools, as his interest or inclination 
may dictate. 

These Colleges have acquired a NATIONAL REPUTATION, and their facilities and success are without a 
parallel, as the thousands who annually attend them will testify. 

Catalogue and Circular, with specimens of Spencerian Penmanship, will be forwarded without charge, to 


any address, on application to 


BRYANT, STRATTON, & CO., 
ALBANY, N. Y. 


THE FRANKLIN GLOBES. 








80 inch, Terrestrial, with quadrant and compass, on a ma- Quadrants accompanying each pair of 10, 12, and 16 inch Globes, at 
hogany frame with castors, style of cut No. 1, . - $150.00 above prices. When single Globes are ordered, Quadrants are 
80 inch, iron meridian -_ frame, with castors, style of | charged extra. 
cut No. 5, + 100.00) 


80 inch, Slate Globe - iomis Sante style of i No. 6 ; 40. 00 | Wy. pea reputation has outrun the necessity for description. 


16 inch, bronze pedestal stand, style of cut No. 2, per pair, 75.00 
16 inch, wood frames, style of cut No. 5, . 45.00 
16 inch Slate Globe, on semi-frame, style of cut No.6, . 12.00) g, ‘. 
12 inch, bronze pedestal stand, revolving horizon, style of 


Teacher. 

“ Their 16 inch pedestal stand are magnificent.’ — Hume Journal. 
‘They should be in every schoolroom in the State.” — Indiana 

ool Journal. 

“ The new 12 inch, with revolving horizon, are models of accuracy, 





cut No. aor + perpair, 45.00 . an ~ . = 
*12 inch, low bronze frame, with revolving horizon satyle of | conga, Sea wrienenbataimanrets 
cut No.4, . 80.00 | 
*12 inch, fancy "wood frame, style of cut No. 1, no com- | A New descriptive Catalogue is just published, and 
pass, . + perpair, 28.00) will be sent on application to the manufacturers. 
10 inch, bronze pedestal stand, see catalogue, Ss 36.00 | 
*10 inch, bronze stand, " = 24.00 | 


0 
#10 inch, wood stand, style feutNeaé, . .* * 22.00/ THE FRANKLIN GLOBE MANUAL. An Aid to the 
* 6 inch, bronze stand, see catalogue, . . & 9.00 | Use of Artificial Globes, in illustrating Geography and Astron- 


* 6 inch, bronze semi- frame, style of cut number — = 6.50 : 
16 inch’ Quadrants, . ‘ , ‘ , ‘ ‘ 1.00 | omy. Small quarto. Price, 40 cents. 
12inch Quadrants,. . . «© . eng -80 | “ When I saw your advertisement of the Globe Manual, I thought 
10inch Quadrants, . . . «© . ss 75 | it would probably supply a want very generally expressed by teach- 


We furnish the Terrestrial and Celestial Balls for Masonic Columns. | @ts in that department, hence, I sent for it, and upon the examination 
Price of 10 inch, per pair $16; 12 inch, per pair, $18. ~"| Lhave made of it, I think it very completely supplies that want.’ — 


: 7 . S. R. Ruee, § Pub. Instruction, Indiana. 
Terrestrial or Celestial sold separate, at one half the above rates. “ -Bvac, Supt Pub J is received, —like it much, —and intend to 


No charge for packing those marked with a * use it in my school this fall.” — Davip CopELAND, Springville, N.Y. 
MOORE AND NIMS, 
Manufacturers, Troy, N. Y. 


IVISON, PHINNEY, & CO., 
Agents, NEW YORE. 
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THE MATHEMATICAL MONTHLY. 


Edited by J. D. RUNKLE, A.M., A.A.S., Cambridge, Mass. 





THIs is an Educational Journal devoted, 1. to the eleva- 
tion of the standard of Mathematical Learning in this coun- 
try, and 2. to the advancement of the Science. 

Its plan and aims, as set forth in the first number of 
Volume I., have received the hearty approval of a large 
proportion of the MATHEMATICIANS, ASTRONOMERS, 
ENGINEERS, and SCIENTIFIC MEN in the United States 
and British Provinces, the American Association for the 
Advancement of Science, and several State Teachers’ 
Associations. The first volume of the Monthly contains 
the names of not less than three hundred of those who 
have given it their cordial approbation. 

For the information of those whose attention has not 
before been called to the subject, the Publishers beg to 
offer the following selections from a large number of testi- 
monials ; having room only to refer to notices in the At- 
lantic Monthly, Sijliman’s Journal, Journal of the Frank- 
lin Institute, Christian Examiner, Nouvelles Annales de 
Mathématiques, and nearly all the educational journals 
and prominent newspapers in all parts of the country. 

After the issue of the eighth number, the following card 
was issued : — 

* BOSTON, May 25th, 1859, 

“The undersigned having watched with great interest 
the establishment of a new MATHEMATICAL JOURNAL 
at Cambridge, under the editorship of Mr. J. D. RUNKLE, 
are desirous of calling the attention of the patrons of sound 
learning to this work, ‘The ‘ MATHEMATICAL MONTH- 
LY’ commenced its existence in October, 1858, and has 
been conducted on a plan that cannot fail to make it an 
instrument of great good.. It is addressed to students as 
well as to professors ; and has doubtless already given a 
new impulse to mathematical studies, wherever it has 
been introduced, A work of this kind shculd not be suf- 
fered simply to live. It has now about eleven hundred 
subscribers ; and is not, perhaps, likely to be altogether 
discontinued, while its present support remains. But its 
friends should not be satisfied with,this. A liberal sub- 
scription should insure to it a vigorous, energetic, long- 
continued life; and should enable it not only to preserve 
its present excellent form, and the stimulus of its prizes, — 
now amounting to about three hundred dollars,— but to 
make new improvements; to increase its size, without in- 
creasing its terms; to secure the best matter, by paying 
contributors, if necessary ; and to compensate its editor, in 
part at least, for the time he bestows upon it. 

“This appeal is made from no suggestion of the editor, 
but from the conviction that the work deserves a wider 
patronage, and must secure it, in order to be permanently 
successful. The circle of strictly mathematical readers in 
this country is yet small. To enlarge it, nothing can be 
more surely relied on than a well-conducted Journal ; but 
until this is done, and the work is thus made to support 
itself, the aid of all true friends of Science must be in- 
voked. 

“JAMES WALKER, 
BENJAMIN PEIRCE, 
G. P. BOND, 
EDWARD EVERETT, 
JARED SPARKS, 
JOSEPH LOVERING, 
JOSIAH QUINCY, 
J. INGERSOLL BOWDITCH.” 





The Lady’s and Gentleman’s Diary for 1860, edited by 
Professor WOOLHOUSE, London, England, says of the 
Mathematical Monthly : — ‘ This interesting American 
monthly periodical has completed its first wuluiee. It is 
both ably conducted and efficiently supported, and gives an 
earnest of success that must be gratifying to its promoters, 
and satisfactory to its numerous talented contributors,” 


Professor HENRY, in his last Smithsonian Report, says : 
—‘*A subscription has also been made for a number of 
copies, for foreign distribution, of the Mathematical Month- 
ly, edited by J. D. RUNKLE, of Cambridge, a journal in- 
tended to promote the study of mathematics in this coun- 
try. The plan and execution of this work are such as to 
commend it to all who are interested in the advance of the 
important branch of. knowledge to which it pertains ; and 
it is gratifying to learn that the patronage which it has re- 
eeived, as well as the number and character of the articles 
furnished, are such as to insure its entire success.” 


Professor WILLIAM RUTHERFORD of the Royal Mili- 
tary Academy, Woolwich, England, in a note to the edi- 
tor, says: —** [ have also got all the numbers of your new 
Monthly Mathematical publication, with which I am much 
pleased. It will be a useful work, and I regret we have 
not any similar publication in Britain.’’ 

From hundreds of letters we might compile a volume of 
strongest testimonials to the merits and importance of the 
MONTHLY. 

The Publishers will keep up the size, style, and beauty 
of its typography and illustrations, which have been distin- 
guished for their artistic excellence. Two or more steel 
plates, fully equal to those’*of DONATI’s Comet and the ad- 
mirable portrait of Dr. BOWDITCH, which has already 
appeared, will be given in each volume, with as many 
woodcuts as shall be necessary fully to illustrate the 
text. 

Mr. EVERETT says, in speaking of the appearances of 
the comet as seen through the great Refractor of Harvard 
College Observatory : ‘* They are illustrated by two admi- 
rable engravings on steel, from drawings. executed from 
sketches taken by the side of the great Refractor, one by 
Mr. GEORGE P. BOND, and the other by Mr. FeTTE, 
Both are beautiful ; but the former appears to me the most 
admirably executed work of the kind I have ever seen; not 
only far beyond any European drawing or engraving of this 
comet which has yet reached us, but superior to any for- 
eign drawings and engravings of any celestial phenomena ; 
those, for instance, in Sir JOHN HERSCHEL’S splendid 
work, ‘The Results of Astronomical Observations at the 
Cape of Good Hope.’ The drawings and engravings iu 
that fine volume, though executed at the expense of a mu- 
nificent patron (the Duke of Northumberland), and by the 
most skilful English artists, are inferior to the drawings 
of Messrs. BOND and FETTE, engraved by J. W. WATTS 
at Boston, for the Mathematical Monthly.” 

We shall soon present our readers with a fine portrait 
on steel of Professor PEIRCE of Harvard University, 
which we hope to follow by one of the distinguished 
LEVERRIER. ’ 

The Monthly will contain frequent lists of Foreign and 
American Mathematieal and Scientific Publications, with 
notices and reviews of those most likely to be useful to 
the teachers and students of mathematics. 


For Terms, Rates of Advertising, &¢., see second page of Cover. 


IVISON, PHINNEY, & CO., 
Publishers, 48 and 50 Walker St., New York. 



































EDWARD G. KELLEY, 
PRACTICAL CHEMIST, 
PROFESSOR OF CHEMISTRY, GEOLOGY, AND MINERALOGY. 


Importer and Manufacturer of all kinds of 


Chemical and Philosophical Apparatus, 


AND PURE CHEMICALS. 
CABINETS OF MINERALS FOR SALE, 
AT THE OLD STAND, 


116 JOHN STREET, NEW YORK. 
ESTABLISHED IN 1846. 


&@ Kelley’s Illustrated Catalogue, containing over 300 cuts, will be sent by mail, on 
application. 





TWO NEW TEXT-BOOKS IN PRESS, 
ON ELEMENTARY GEOLOGY, 


FOR 


SCHOOLS, ACADEMIES, COLLEGES, AND GENERAL READING. 


I. FIBST PRINCIPLES OF GEOLOGY. 


A new and improved text-book on Geology, Descriptive and Industyial, especially designed to furnish an 
Elementary Outline of the science of Geology, and a course of study adapted to the limited time allotted 
to the subject in the majority of High Schools, Academies, and Colleges. Illustrated with numerous 
Engravings. 1 vol. 12mo. By Davip A. Wetts, A.M., Author of “ Principles of Natural Philos- 
ophy,” “ Principles of Chemistry,” Editor of “ Annual of Scientific Discovery,” &c. 

This work will be characterized by the same excellences as the other popular works of Mr. Wells, on 
Physical Science; introducing new, interesting, practical, and attractive matter, with numerous fresh illus- 
trations. It will be peculiarly adapted for a First or Primary Text-Book, divested of abstruse techni- 
calities and reasonings, and giving the application of geology to the useful arts. Its concise style will reduce 
it below the size and cost of the author's text-books on Philosophy and Chemistry, — perhaps to 75 cents, at 
retail, — combining economy of time and expense where a limited course of study is desired. 


II, ELEMENTARY GEOLOGY. 


By Epwarp Hitencock, D. D., LL. D., Professor in Amherst College, and CHAr.es H. Hrreucock, A. M., 
Lecturer on Zodlogy, &c. A new Edition. Remodelled, mostly re-written, with several new chapters, 
and brought up to the present state of the science, the whole especially adapted to the use of Schools, 
Academies, and Colleges, and the general reader. Thirty-first Edition. 

The thousands of students of Pres. Hitchcock’s long known standard text-book on Geology will only need 
to learn that te this work he and his son have added the results of experience, and the advance of science and 
research to the present day, and revised and improved the arrangement of subjects. Among the new matter, 
attention is called to the chapters on Metamorphism, Technology, Paleontology, American Geology, and the 
Applications of the Science to Agriculture, Engineering, Mining, gc. Many new and valuable engravings are 
added and substituted for those in the previous work, notwithstanding which the book will probably be 
afforded at the same price, viz. $1.25 at retail. The typography and most of the illustrations are entirely new. 

Both the above works may be expected probably by July. There are several hundred new engravings, 
American and foreign. 





























